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Abstract. We give a complete description of Lie algebras graded by an 
infinite irreducible locally finite root system. 

1. INTRODUCTION 

In 1992, S. Berman and R. Moody [6] introduced the notion of a Lie 
algebra graded by an irreducible reduced finite root system. Their defini- 
tion was motivated by a construction appearing in the classification of finite 
dimensional simple Lie algebras containing nonzero toral subalgebras |12j . 
The classification of root graded Lie algebras in the sense of S. Berman and 
R. Moody was given, in part, by S. Bermen and R. Moody themselves and 
was completed by G. Benkart and E. Zelmanov [5] in 1996. This classifi- 
cation has been based on a type-by-type approach; for each type X, the 
authors give a recognition theorem for centerless Lie algebras graded by a 
root system of type X. In 1996, E. Neher |11] generalized the notion of root 
graded Lie algebras by switching from fields of characteristic zero to rings 
containing 1/6 and working with locally finite root systems instead of finite 
root systems. Roughly speaking, according to him, a Lie algebra C over a 
ring containing 1/6 is graded by a reduced locally finite root system R if 
C is a Q{R)— graded Lie algebra generated by homogenous submodules of 
nonzero degrees and that for any nonzero root a £ R, there are homogenous 
elements e and / of degrees a and —a respectively such that [e, /] acts di- 
agonally on C. He realized root graded Lie algebras for reduced types other 
than i*4, Cr2 and E% as central extensions of Tits-Kantor-Koecher algebras 
of certain Jordan pairs. Finally in 2002, B. Allison, G. Benkart and Y. Gao 
[3] defined a Lie algebra graded by an irreducible finite root system of type 
BC and studied root graded Lie algebras of type BC n for n > 2. In 2003, 
G. Benkart and O. Smirnov [7] studied Lie algebras graded by a finite root 
system of type BC\ and finalized the classification of Lie algebras graded 
by an irreducible finite root system. 

A Lie algebra £ graded by an irreducible finite root system R has a 
weight space decomposition with respect to a splitting Cartan subalgebra of 
a finite dimensional split simple Lie subalgebra g of C, whose set of weights 
is contained in R. This feature allows us to decompose C as C = M.\ © M% 
in which A^i is a direct sum of finite dimensional irreducible nontrivial 
g— submodules and is a trivial g— sub module of C. One can derive a 
specific vector space b from the g— module structure of M.\. This vector 
space is equipped with an algebraic structure which is induced by the Lie 
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algebraic structure of C Moreover the Lie algebra C can be reconstructed 
from the algebra b in a prescribed way, see [2] and [3] . This construction led 
to finding a finite presentation for the universal central extension of a Lie 
torus of a finite type other than A and C, see |14| . [4]. This motivates us to 
generalize this construction for Lie algebras graded by infinite root systems. 

We give a complete description of the structure of root graded Lie alge- 
bras. We fix an infinite irreducible locally finite root system R and show 
that a Lie algebra C graded by R can be described in terms of a locally 
finite split simple Lie subalgebra Q, some natural representations of Q and 
a certain algebra called the coordinate algebra. We also give the Lie bracket 
on C in terms of the Lie bracket on Q, the action of the representations and 
the product on b. More precisely, depending on type of R, we consider a 
quadruple c so called coordinate quadruple. We next correspond to c, a spe- 
cific algebra b c and a specific Lie algebra {b c , b c }. Then for each subspace JC 
of the center of {b c , b c } satisfying a certain property called the uniform prop- 
erty, we define a Lie algebra £(b c , /C) and show that it is a Lie algebra graded 
by R. Conversely, given a Lie algebra C graded by R, we prove that £ can 
be decomposed as A4\ © M.2 where M.\ is a direct sum of certain irreducible 
nontrivial g— submodules for a locally finite spilt simple Lie subalgebra g 
of C and M.2 is a specific subalgebra of C. We derive a quadruple c from 
the g— module structure of M\ and show that it is a coordinate quadruple. 
We also prove that there is a subspace /C of {b c , b c } satisfying the uniform 
property such that M2 is isomorphic to the quotient algebra {b c , b c }//C and 
moreover C is isomorphic to C(b c ,lC). If the root system R is reduced, our 
method suggests another approach to characterize Lie algebras graded by R 
compared with what is offered by E. Neher 
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Professor Saeid Azam and Professor Erhard Neher for some fruitful discus- 
sions. 



2. Preliminaries 

Throughout this work, N denotes the set of nonnegative integers and F is 
a field of characteristic zero. Unless otherwise mentioned, all vector spaces 
are considered over F. We denote the dual space of a vector space V by 
V*. For a linear transformation T on a vector space V, if the trace of T is 
defined, we denote it by tr(T). Also for a nonempty set S, by id s (or id if 
there is no confusion), we mean the identity map on S and by \S\, we mean 
the cardinality of S. Finally for an index set /, by a conventional notation, 
we take I := {i \ i € 1} to be a disjoint copy of I and for each subset J of 
/, by J, we mean the subset of / corresponding to J. 
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2.1. Locally Finite Split Simple Lie Algebras. In this subsection, we 
recall the structure of infinite dimensional locally finite split simple Lie al- 
gebras from |10| and state some facts which play key roles in this work. Let 
us start with the following definition. 

Definition 2.1. Let "H be a Lie algebra. We say an %— module M has a 

weight space decomposition with respect to Ti, if 

M = (SaeH'Ma where M a := {x G M \ h ■ x = a(h)x; V/iSH} 

for all a G U* . The set R := {a G U* \ M a ^ {0}} is called the set of 
weights of M. (with respect to H). For a G R, A4 a is called a weight space, 
and any element of A4 a is called a weight vector of weight a. If a Lie algebra 
C has a weight space decomposition with respect to a nontrivial subalgebra 
H of C via the adjoint representation, H is called a spZzi tora/ subalgebra. 
The set of weights of £ is called the root system of C with respect to H, and 
the corresponding weight spaces are called root spaces of C. A Lie algebra C 
is called split if it contains a splitting Cartan subalgebra, that is a split toral 
subalgebra H of £ with £o — 

The root system of a locally finite split simple Lie algebra with respect 
to a splitting Cartan subalgebra is a reduced irreducible locally finite root 
system in the following sense (see [8] and |10|): 

Definition 2.2. [9] Let W be a nontrivial vector space and R be a subset 
of hi, R is said to be a locally finite root system in hi of rank dim(hi) if the 
following are satisfied: 

(i) R is locally finite, contains zero and spans hi. 

(ii) For every a £ R x := R\ {0}, there exists a €hi* such that a(a) = 2 
and s Q (/3) G i? for a, f3 £ R where s a : — ► hi maps u £ hi to u — a(u)a. 
We set by convention to be zero. 

(iii) a((3) G Z, for a,(3 £ R. 

Set -Rsdiu := (-R \ {a G -R | 2a G iZ}) U {0} and call it the semi- divisible 
subsystem of R. The root system R is called reduced if R = R s div 

Suppose that R is a locally finite root system. A nonempty subset S of R is 
said to be a subsystemof Rif S contains zero and s a (/3) G S for a, /3 G S'\{0}. 
A subsystem S" of R is called /uZZ if spanjpS 1 n R = S. Following (9j §2.6], we 
say two nonzero roots a, f3 are connected if there exist finitely many roots 
a\ = a, ct2, ■ ■ ■ , ol u = f3 such that a.i + \{a.i) ^ 0, 1 < i < n— 1. Connectedness 
defines an equivalence relation on R x and so R x is the disjoint union of its 
equivalence classes called connected components of R. A nonempty subset 
X of R is called irreducible, if each two nonzero elements x, y G X are 
connected and it is called closed if (X + X) fl R C X. It is easy to see 
that if X is a connected component of a locally finite root system R, then 
A U {0} is a closed subsystem of R. For the locally finite root system R, take 
{R\ | A G T} to be the class of all finite subsystems of R, and say A ^ fi 
(A, fj, G r) if R\ is a subsystem of then (r, ^) is a directed set and R is 



1 



the direct union of {R\ | A G T}. Furthermore, if R is irreducible, it is the 
direct union of its irreducible finite subsystems. 

Two locally finite root systems (R, U) and (S, V) are said to be isomorphic 
if there is a linear transformation / : U — > V such that f(R) = S. 

Suppose that / is a nonempty index set and U := ©j e /Fej is the free 
F— module over the set /. Define the form 

{■,-):UxU — >¥ 
(ei,€j) = 8ij, for i,j G I 

and set 

Ai := {ei - €j e I}, 

Dj := Ai U {±(e; + ej) \i,j€l,i^ j}, 

(2.3) Bj := Dj U {±a \ i G /}, 
Ci := Di U {±2e { | i G /}, 
Bd :=BjUCj. 

One can see that these are irreducible locally finite root systems in their 
F— span's which we refer to as type A,B,C,D and BC respectively. More- 
over every irreducible locally finite root system of infinite rank is isomorphic 
to one of these root systems (see §4.14 §8]). Now we suppose R is an 
irreducible locally finite root system as above and note that (a, a) G N for 
all a G R. This allows us to define 

R sh ■= {a£R x | (a,a) < (/3,/3); for all (3 G R}, 

Rex ■= RC\ 2R s h, 

Rig '■= \ {Rsh U Rex)- 

The elements of R s h (resp. Ri g , R ex ) are called short roots (resp. long roots, 
extra-long roots) of R. 

A locally finite split simple Lie algebra is said to be of type A, B, C or D if 
its corresponding root system with respect to a splitting Cartan subalgebra 
is of type A, B, C or D respectively. In what follows, we recall from |10j the 
classification of infinite dimensional locally finite split simple Lie algebras. 
Suppose that J is an index set and V = Vj is a vector space with a fixed 
basis {vj | j G J}. One knows that £|l(V) := EndiV) together with 

[•, •] : fl I(V) x fl I(V) — ► fll(V); (X, Y)^XY- YX; X, Y G fll(V) 

is a Lie algebra. Now for j, k G J, define 

(2.4) e jjk : V — > V; «j h> S k)i Vj, (i G J), 

then g[( J) := span F {ej 5 fc | j, k G J} is a Lie subalgebra of flt(V). 

Lemma 2.5 (Classical Lie algebras of type A). Suppose that I is a non- 
empty index set of cardinality greater than 1, Iq is a fixed subset of I with 
| Jo | > 1 and V is a vector space with a basis {v{ \ i G /}. Take A to be an 
index set containing and {I\ | A G A} to be the class of all finite subsets 
of I containing Iq. Set 

g : =5l(I) := {(f> G g[(J) | tr{4>) = 0}, 
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and for A £ A, take 

G Ix ■= G X -=G n span{e r<s | r, s G 

Then sl(I) is a locally finite split simple Lie subalgebra of q\{L) with splitting 
Cartan subalgebra T~i := span{ei^ — ejj \ i,j G /} and corresponding root 
system isomorphic to Aj. Moreover for i,j G / with i ^ j, we have 

Also for each X G A, G x is a finite dimensional split simple Lie subalgebra of 
G with splitting Cartan subalgebra T-L x := H n G X and G is the direct union 
of{G x | AG A}. 

In the following lemma, we see that locally finite split simple Lie algebras 
of type B can be described in terms of derivations of Clifford Jordan algebras 
which are defined as following: 

Definition 2.6 ( [13J ) . Suppose that A is a unital commutative associative 
algebra over F and W is a unitary ^-module. Suppose that g : W x W — > A 
is a symmetric j4-bilinear form and set J = J~(g, W) := A © W. The vector 
space J together with the following multiplication 

(ai + u>i)(a 2 + w 2 ) = aia 2 + g(w\,w 2 ) + aiw 2 + a 2 w\ 

for ai , a 2 G A and w\ , w 2 G W is a Jordan algebra called a Clifford Jordan 
algebra. For a, b G J , define D a ^ := — [L a , L;J := LfcL a — L a Lfe where L a , L;, 
are left multiplications by o and 6 respectively. For a subspace V of J ', 
set -Dv,v to be the subspace of endomorphisms of J spanned by D a ^ for 
a,b G V. One can see that for w\,w 2 G W, D m>W2 can be identified with 
D Wl>W2 \ w . This allows us to consider -Dyv,w a $ a subalgebra of gl(VV). 

Lemma 2.7 (Classical Lie algebras of type B). Suppose that J is a non- 
empty index set. Take J := {0}tt)/l±l7 and consider the vector space V := Vj 
as before. Define the bilinear form (•, •) on V by 
(2.8) 

i v ji v k) = ( v h v j) = 25 j,k, (v ,v ) = 2, 
{Vj,v k ) = (vj,v ) = (v ,Vj) = (v ,vj) = {v-j,v ) = {v-^vj.) = 0; j,k G /, 

and set 

G := B (I) ■= {<P € fll(J) | (<j)(v),w) = -(v,(f)(w)), for all v,w G V}. 

Then we have the following: 

(i) G is a locally finite split simple Lie subalgebra of fll(J) with splitting 
Cartan subalgebra % := span ¥ {hi := e^j — e^j | i G /} and corresponding 
root system isomorphic to Bj. Moreover for i,j G J with i ^ j, we have 

Ga-ej = F(eij - ejj), g £i+ej = F(e- - e-), £_ £i - ej = F(e ?J - ej }i ) 
^ = F(e ii0 - e j), ^-e, = F(ej i0 - e 0|i ). 

(nj For i/je Clifford Jordan algebra J{{-, -),V), we have G = -Dy,v- 



(Hi) For a fixed subset Iq of I, take A to be an index set containing such 
that {I\ | A G A} is the class of all finite subsets of I containing Iq. For each 
A G A, set 

(2.9) G Ix := G x :=Gn span{e r!S | r, s G {0} U I x U /a}- 

Then g x (X £ A) is a finite dimensional split simple Lie subalgebra of Q of 
type B, with splitting Cartan subalgebra U x :=Ung x and g is the direct 
union of {G x | A G A}. 

Lemma 2.10 (Classical Lie algebras of type D). Suppose that I is a non- 
empty index set and Iq is a fixed subset of I. Set J := I l±l I and take 
{I\ | A G A}, where A is an index set containing 0, to be the class of all 
finite subsets of I containing Iq. Define the bilinear form (•, •) on V = Vj by 

(2.11) {vj,v- k ) = (vfrVj) = 2S jjk , (vj,v k ) = {v-pVjs) = 0; (j,k G I), 

and set 

g := D {I) := {(j) G gl( J) \ (<f>(v),w) = ~(v, (p(w)), for all v, w G V}, 
H := span ¥ {hi := e iti - ej- \ i G J}. 

Also for A G A, take 

g ix ■= g X ■= g n span{e TjS | r, s G I\ U 

Then Q is a locally finite split simple Lie subalgebra of g[( J) with split- 
ting Cartan subalgebra T~L and corresponding root system isomorphic to Dj. 
Moreover for i,j G J with i ^ j, we have 

Ga-ej = F(eij - ejj), Ge i+ej = ~ e^j), G-e^e, = F(ejj - e ]yi ). 

Also for each A G A, G X is a finite dimensional split simple Lie subalgebra 
of G, of type D, with splitting Cartan subalgebra T~L X := Hn G X , and G is the 
direct union of {G X | A G A}. 

Lemma 2.12 (Classical Lie algebras of type C). Suppose that I is a non- 
empty index set and J := I V±J I. Consider the bilinear form (•, •) on V = Vj 
defined by 

(2.13) (vj,Vj.) = -(v&Vj) = 28 jjk , (vj,v k ) = 0, (v- j: v k )=0, (j,k G J), 
and set 

G := Sp(I) := {<j> G g[( J) | (4>{v),w) = -(v, <p{w)), for all v, w G V}. 

Also for a fixed subset Iq of I, take {I\ \ A G A} to be the class of all finite 
subsets of I containing Iq, in which A is an index set containing 0, and for 
each A G A, set 

(2.14) G, ■= G X :=Gn span{e r<s |r,sG/ A U J A }. 
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Then Q is a locally finite split simple Lie subalgebra of fll(J) with splitting 
Cartan subalgebra % := span ¥ {hi := e^j — ejj | i G /}. Moreover for i,j G / 
with i 7^ j, we /icwe 

= F(eij - ejj), g £i+£j . = F(ejj + e j>; ), £- e «- ej = F(ej J - + ej j 

Also for A £ A, Q x is a finite dimensional split simple Lie subalgebra of type 
C, with splitting Cartan subalgebra % A := % n Q x , and Q is the direct union 
of{G x | A € A}. 

Proposition 2.15. |10| Theorem VI. 7] Suppose that I is an infinite index 
set, then Ob(L) is isomorphic to Od(L). Moreover if Q is an infinite dimen- 
sional locally finite split simple Lie algebra, then Q is isomorphic to exactly 
one of the Lie algebras sl(I), Ob(L) orsp(L). 

Lemma 2.16. Suppose that R is an irreducible locally finite root system and 
S is an irreducible closed subsystem of R. Suppose Q is a locally finite split 
simple Lie algebra with a splitting Cartan subalgebra H and the root system 
Rsdiv Set g := J2 nP s x ® S«pS' x [Ga,G-a] and f) := H D 0, then the 
restriction of 

jt: ft* f^f\ h , fen* 

to S is injective. Identify a G S with 7r(a) via ir, then g is a locally fi- 
nite split simple Lie subalgebra of Q with splitting Cartan subalgebra f) and 
corresponding root system S s a v . 

Proof. We first claim that 

, _s if a, (3 G S and a — (3 G" R, then there is 

^ ' h€\) such that a(h) > and (3(h) < 0. 

To prove this, we note that since a — (3 G" R, we have a ^ and (3 / 
0. Moreover, it follows from the theory of locally finite root systems that 
13 - 2a G" R and a - 2(3 £ R, also if 2a G R or 2(3 G R, then 2a - 2(3 G" R. 
Therefore setting 

, J a \i2a£R if W Z R 

\ 2a if 2a G R, P ' \ 2(3 if 2(3 G R, 

we have a' , (3' G S* div and a' — (3' G" R. Next we fix e G Q a > and / G Q- a > 
such that (e, h := [e, /], /) is an s^-triple. Since a' — (3' G" Rsdiv, one knows 
from s[2— module theory that (3'{h) < while a'{h) = 2 > 0. Therefore 
h G [Qa'j Q-a'] != f)> a(/i) > and /5(/i) < 0. This completes the proof of the 
claim. Now suppose a, (3 G S with 7r(a) = vr(/3). We must show a = (3. We 
prove this through the following three cases: 

Case 1. a, (3 G S sc a v ■ If 7 := a — (3 G i? x , then since S 1 is a closed 
subsystem of R and S sc nv is a closed subsystem of S, we get 7 G S* div . Thus 
there is t G [<7 7 ,<7_ 7 ] C fj with j(t) = 2, so (q — (3)(t) = 2 which contradicts 
the fact that a |(,= (3 |(, . Therefore a — (3 R x ■ Now if a — (3 / 0, then 
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a — (3 G" R and so using (12.171) . one finds h G rj with a(h) > and (3(h) < 0. 
This is again a contradiction. Therefore a = f3. 

Case 2. a, (3 ^ : In this case 2a, 2/3 G S S( n v and so by Case 1, 2a = 
2/3 which in turn implies that a = (3. 

Case 3. a G S s div,P ffsdw j H a — (3 & R, then by (|2.17p . there is ft € f) 
such that a(h) > and (3(h) < which contradicts the fact that ir(a) = 
tt((3). Also if a = 2(3, then since a G S* div , there is /i G C f) with 

a(/i) = 2. Thus a(h) ^ (3(h) which is again a contradiction. Therefore 
a — (3 € R and a ^ 2(3. Now if a — (3 ^ 0, we get that a — (3 G i? s /j,, a € 
/3 € R s h, 7 := a — 2(3 G a + 7, a — 7 6 i? e a; and a + 27, a — 27 -R. 
Now since 7 G S* div , there is /i £ [£/ 7 ,£7_ 7 ] C f) with 7(^1) = 2. Also since 
a + 27, a — 27 G" i?, one concludes form s^— module theory that a(/i) = 0. So 
we have /3(/i) = a(h) = 0. But this gives that 2 = j(h) = (a - 2(3)(h) = 0, 
a contradiction. Thus we have a = (3. This completes the proof of the first 
assertion. 

For the last assertion, we note that S is a closed subsystem of R and S s div 
is a closed subsystem of S, so it is easily seen that g is a subalgebra of Q. 
Now this together with the fact that ir\s is injective completes the proof. □ 

Definition 2.18. Take Q, A, g x , and H x (A € A) to b e as in one of Lemmas 
[231 12771 l2~10l and I2TT21 For A, /i G A, we say A y, if £ A is a subalgebra 
of Let x be a representation of Q in a vector space M.. We say M. is a 
direct limit Q '-module with directed system {A4 X | A G A} if 

• for A, y G A with X 4 y, M x C A^ C A4 and as a vector space, A4 
is the direct union of {M x | A G A}, 

• for A G A, A4 A is finite dimensional and for all x G Q x , Ai x is 
invariant under x( x )i 

• for A G A, x \gx defines a nontrivial finite dimensional irreducible 
Q x — module in Ai x having a weight space decomposition with respect 
to T~L X whose weight spaces corresponding to nonzero weights are one 
dimensional, 

• for A, \l G A with X =4 fi, the set of weights of Q x — module M. x is 
contained in the set of weights of Q^— module Ai^ restricted to Ti x 
and (M x ) p \ ^ = (A4^) p for each weight p of for which p\ uX is 

a nonzero weight of M x . 

Using standard techniques, one can verify the following propositions: 

Proposition 2.19. Consider Q ', A, Q x andH x (X G A) as in Definition \2.18\ 
Suppose that A4 is a direct limit Q— module with directed system {Ai x | A G 
A}. Then we have the followings: 

(i) A4 is an irreducible Q— module. 

(ii) If yV is another direct limit Q— module with directed system {W x 

X G A}, and for each A G A, Q x — modules A4 X and W x are isomorphic, then 
as two Q— modules, M. and W are isomorphic. 
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Proposition 2.20. Suppose that I is a nonempty index set. 

(a) Take Q := Ob(I) an d use the same notations as in Lemma \2. 7[ Define 

tt-.Q^ End{V); tt(0)(u) = 0(u); </> G Q, v G V, 

then 

(i) 7r is an irreducible representation ofQ inV equipped with a weight space 
decomposition with respect to % whose set of weights is {0, ±e, \ i € 1} with 
V = ¥v , V ei = Fm and V_ £l = ¥vj for i G I, 

(ii) for each A G A, set 

(2.21) V Ia := V A := span F {v r | r G {0} U I x U I A }, 

i/ien V is a direct limit g—module with directed system {V A | A € A}. 
Use the same notations as in Lemma \2.12\ and take g := sp(/). 

(i) Define 

TTi-.g — ► End(V); ir(4>)(v) := <j){v); (peg, veV. 

Then tt\ is an irreducible representation of g in V equipped with a weight 
space decomposition with respect to % whose set of weights is {±ej | i G 1} 
with V ti = Fvi and V- ti = Vrq for i G I. Also for J := ID I and 
(2.22) 

S := {<j> G fl[(J) | tr{4>) = 0, ((j)(v), w) = (v, <f>(w)), for all v, w G V}, 
vr 2 : g — > End(S); tt 2 (X)(Y) := [X,Y\; X G G, Y G S 
is an irreducible representation of g in S equipped with a weight space de- 
composition with respect to T~L whose set of weights is {0,±(ej =L ej) | i,j G 
/, i / j] with S = span ¥ {e r , r + e fjf - ^ Eie/ A ( e v + e i,i) I A G A, r G I\}, 
Sei+tj = F(etj - e^), 5_ £i _ £j . = F(ejj - e^) and 5 £j _ £j . = ¥(e id + ejj) 

G I,i ^ j). 

(ii) For A G A, set 

, 2 23 ^ Vi x '■= vX : = span ¥ {v r \ r G I\ U Ja}, 

5 / := 5 A :=5n span F {e r) <j | r, s G /a U 

Then V is a direct limit g—module with directed system {V A | A G A} and S 
is a direct limit g—module with directed system {S x \ A G A}. 

2.2. Finite Dimensional Case. In this subsection, we state a proposition 
on representation theory of finite dimensional split simple Lie algebras. This 
proposition is an essential tool for the proof of our results in the next section. 
We start with an elementary but important fact about finite dimensional 
representations of a finite dimensional split semisimple Lie algebra. 

Lemma 2.24. Suppose that g is a finite dimensional split semisimple Lie 
algebra with a splitting Cartan subalgebra % and the root system R. Let V 
be a finite dimensional g-module equipped with a weight space decomposition 
with respect to H. Take II to be the set of weights ofV. Lf a G -R x and A G IT 
are such that a + A G II, then g a ■ V\ ^ {0}. In particular ifV\+ a is one 
dimensional, then g a • V\ = V\+ a . 
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Proof. Take e G Q a and / 6 to be such that (e, h := [e, /],/) is an 
sb-triple and define 5 := span F {e, h, /}. Set W := ^fcL-oo Vx+fcai then W 
is a finite dimensional s-module and so by Weyl theorem, it is decomposed 
into finite dimensional irreducible s-modules, say W = ©" = iWj where n is 
a positive integer and Wj, 1 < i < n, is a finite dimensional irreducible 
s-module. We note that the set of weights of W with respect to Fh is II' = 
{X(h) + 2k | fe G Z and A + to G II} and that for k G Z with A + to G II, 
yVVM_|_2fc = V\+ka- Now as A, A + a G II, we have X(h), X(h) + 2 G II' and so 
by sl2-module theory, there is 1 < i < n such that X(h), X(h) + 2 are weights 
for Wj. Now again using s[2-module theory, we get that 

O^e- (Wi)x(h) C e • W A(/l) = e • V A C Q a ■ V A 

showing that Q a ■ V\ ^ {0}. The last statement is derived simply from the 
first assertion. □ 

Lemma 2.25. Suppose that {ei,fi,hi \ 1 < i < n} is a set of Chevalley 
generators for a finite dimensional split simple Lie algebra Q and V is a 
Q— module equipped with a weight space decomposition with respect to the 
Cartan subalgebra % := span{hi | 1 < i < n}. Let v be a weight vector, m 
be a positive integer and 1 < ■ ■ ,j m < n. Let the set {k G {1, . . . ,m} | 

jk = i} be a nonempty set and k± < • • • < k p be such that {k G {1, . . . , m} | 
jk = i} = {ki, . . . , k p }. Then if /j ■ v = 0, we have 

fi ' e j m 

in which " means omission. 

Proof. Using Induction on p, we are done. 

□ 

Proposition 2.26. Suppose R± is an irreducible finite root system and R2 
is an irreducible full subsystem of R± of rank greater that 1. Let Q\ be a 
finite dimensional split simple Lie algebra with a splitting Cartan subalgebra 
Hi and corresponding root system (Ri) s div Set Q2 ■= J2aG(R ) x (^i)<* ® 
Y^aG(Bo) x [(Si) a , (Qi)-a\ and ~H 2 ■= U\ n Q 2 . For i = 1,2, assume Vi is a 
Qi-module equipped with a weight space decomposition with respect to Hi and 
take Aj (i = 1,2) to be the set of wights of Vi with respect to Hi. Suppose 
that 

(i) R\ and R 2 are of the same type X ^ G 2 , F4, Eqj^, 
(H) Ai C Ri and A 2 C {a\ H \ a G R 2 }, 

(Hi) V 2 C Vi with (V 2 ) Q i C (Vi) Q , for ae{P£R 2 \ /% 2 G A 2 } \ {0}. 

Let W be a nontrivial finite dimensional irreducible Q 2 -submodule of V 2 
and takeU to be the Q\-submodule ofV\ generated byW, thenli is a finite di- 
mensional irreducible Q\ — module equipped with a weight space decomposition 
with respect to Hi whose set of nonzero weights is (Ri) s h, (resp. (-Ri)^,, 



v G 



5> 

t=i 



3 m 



3 kr> 



-jk t 



-jk. 



ji 



11 



or ((i?i) sdw) sh) if the set of nonzero weights ofW is the set of elements of 
(R2)sh (resp. (R2)s div , or {{R2) sdiv) sh) restricted to U 2 . 

Proof. Take n := n\ and I := n 2 to be the rank of R\ and R2 respectively. 
Using Lemma 12.161 we identify (3 G R2 with /3|% 2 . Also without loss of 
generality, we assume R±,R2 and bases Ai,A2 for (Ri) s div and {R2)sdiv 
respectively are as in the following tables: 



Type 


R k {k = 1,2) 


A 


{±{ei - e 3 ) | 1 < i < 3 < n k + 1} U {0}, n k > 2 


B 


{±ei, ±(e 4 ± Ej) | 1 < i < j < n k } U {0}, n k > 2 


C 


{±2e<, ±( Si ± £j ) | 1 < i < j < n k } U {0}, n k > 3 


D 


{±{ £l ± e,-) | 1 < i < j < n fe } U {0}, n k > 4 


BC 


{±£i, ±(ej ± ej) | 1 < i, j < n k } 7 n k > 2 



Type 


A fc (fc = l,2) 


A 


{a; := e l+ i — e, | 1 < % < n k } 


B 


{ai := e 1; Oj := £j - e,_x 2 < i < n fc } 


C 


{«i := 2ei, a; := e l - e,_i 2 < i < n k } 


D 


{ai := ei + e 2 , a t := e 4 - £i_i | 2 < i < n fc } 


BC 


{ai := 2ei,aj := ej - 2 < i < n k } 



Suppose that W is of highest pair (v,a) with respect to A2. Since the 
set of weights of W is permuted by the Weyl group of R2, one gets that 
a = ai for * G {sh, Ig, ex} where for i = 1, 2, a* h (resp. aj 9 , or a\ x ) denotes 
the highest short (resp. long, or extra long) root of Ri with respect to Aj. 
Next suppose that {ej,/j,/ij | 1 < i < n} is a set of Chevalley generators 
for Q\ with respect to Ai, then {ej, fi,hi \ 1 < i < £} is a set of Chevalley 
generators for £2 with respect to A2. Now as U is a ^1— submodule of Vi 
generated by v, we have 

(2.27) U = Hk fh ■ ejs <.n ■ v) 

t,s£N 

where ii, ... ,it,ji, ■ ■ ■ ,j s G {lj ■ ■ ■ , n }- This implies that U is finite dimen- 
sional as Ai is a subset of the finite root system R\. So there are a positive 
integer p and irreducible finite dimensional Q\— submodules Z// (1 < j < p) of 
U such that U = ®j =1 Z/,-. But we know that v generates the Q\— submodule 
U, and that veUn (V 2 ) a CWn (Vi) Q = U a = ® p j=l {Uj) a , so 

for any 1 < j < p, there is a nonzero ele- 
^ ' ' ment uj € (Uj) a such that v = YTj=i u r 

This in particular implies that each Uj (1 < j < p) is a nontrivial irreducible 
^1— module. But we know that for 1 < j < p, the set of weights of Uj is a 
subset of R\ , and that it is permuted by the Weyl group of R\ , so the highest 
weight of Uj is a\ for * = sh, Ig, ex. Therefore using the finite dimensional 
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theory, one knows that 
(2.29) 

the weight spaces ofUj (1 < j <p ) with respect to Hi 
corresponding to nonzero weights are one dimensional. 

Now we are ready to proceed with the proof in the following three steps: 

• Step 1. lit (1 <t<p)\sa, finite dimensional irreducible Q\— module 
of highest weight a\ if a = a 2 for * = sh, Ig, ex. 

• Step 2. dim(U a ) = 1, 

• Step 3. p = 1. 

Step 1: We use a case- by-case argument to prove the desired point. We 
note that there is nothing to show if R\ is of type A or D, and continue as 
following: 

Type B : One can see that in this case a sh = e n , a 2 h = ee, a} = e n + e n _i 
and af g = ee + ei-\. We first assume a = a 2 h and show that the highest 
weight of Ut is the highest short root of R±. For this, it is enough to show 
that no long root is a weight for Ut- Suppose to the contrary that the set 
of weights of Ut contains a long root or equivalently contains all long roots. 
Setting f3 := ee-\, we get a + /3 is a long root of R\ and so a + /3 is a weight 
for Ut- Now fix x G (£2)/? = {Gi)p and note that a + is a weight for Ut; 
applying Lemma T2.24I together with (|2.28p and (12. 29ft . we have x ■ u t 7^ 0. 
This gives that 7^ YTj=i x ' u j = x ' v e (^2)^ ' VV a C W a +p which is a 
contradiction as a+/3 is a long root and cannot be a weight for W. Therefore 
Ut has no long root as a weight and so we are done in the case a = o? sh . 
Next suppose a = af and note that by (|2.28|) . ut is a weight vector of Ut 
of weight a. Since a is a long root, the set of weights of Ut contains all long 
roots and so the highest long root is the highest weight of Ut ■ 

Type C : In this case, we have a\ h = e n _i + e n , a 2 sh = e^ + eg, a\ g = 2e n 
and af g = 2e e . Setting (3 := q_i - ee, we get o? sh + /3 £ {R\)l g - Now using 
the same argument as in Type B, we are done. 

Type BC : In this case, we have a l sh = e n , a 2 sh = ee, aj g = e n _i + e n , 
af g = ee-i + ee, a\ x = 2e n and a 2 x = 2ee- One can also easily see that 

{7 + /3 1 7 g (Ri) sh , P g (Ri)i g u (Ri) ex } n Rt c (j?!)^. 

This together with (J2J27D, (|2T28]) and the fact that A 1 C (i? 1 ) ea; U (-Ri)j s 
proves the claim stated in Step 1 in the case that a = a 2 h . Now suppose 
that a = af . Setting (3 := ee~\ — ee, we get that a + (3 is an extra long root. 
Now we are done using the same argument as in Type B. Next suppose 
a = a 2 x , then by (|2.28|) . ut is a weight vector of weight a which is an extra 
long root. Therefore any extra long root is a weight for Ut and so the highest 
weight of Ut is a\ x . This completes the proof of Step 1. 

Step 2: We first note that depending on the type of R2, a is one of 
ee,2ee,ee + ee-i or e t+i — ei- If a = + ee~\, then either R2 is of type 
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B or D and by Step 1, the set of nonzero weights of Li coincides with R x , 
or R is of type C or BC and the set of nonzero weights of hi coincides with 
(Rsdiv)sh- In both cases, using induction on r G N \ {0}, one can see that 

if 1 < mi, ■ ■ ■ j m r < n and for each 1 < p < r, a mp + • • • + 

(2.30) a mi + a is a weight for U, then {mi, . . . , m r } C {£,..., n} 
and a mr + • • • + a mi +a = e q + e q / for some £ — l<q^q'<n. 

Also if a = Q+i — ei, e^, 2q, one can see that 

if r is a positive integer and 1 < mi, . . . , m r < n are 

(2.31) such that for each 1 < p < r, a mp + • • • + a mi + a is 
a weight for U, then {mi, . . . , m r } C {^ + 1, . . . , n}. 

Now suppose that ^ u 6 we shall show that ti is a scalar multiple of 
v. Since u € U, by (|2.27p . u is written as a linear combination of weight vec- 
tors of the form f it fi 1 ,e js e jl -v,t,s € N, 1 < i±, . . . , i t , ji, . . . , j s < n. 

So without loss of generality, we suppose 

u = fit fil ' e js e jl ' v 

where t, s £ N, and 1 < i±, . . . , it, ji, ■ ■ ■ , j s < n. Since u is of weight a, we 
get that a + + • • • + <x, s — — • • • — = a. This implies that 

(2.32) s = t and (ji, . . . , j s ) = (cr(ii), . . . , a(i t )) 

for a permutation a of . . . , it}. We note that a is an element of i?^" an d 
so it is written as a linear combination of {«j | 1 < i < £} with nonnegative 
rational coefficients not all equal to zero. Now since {ai | 1 < i < n} is a 
base of (Ri) s div, a — ctj (I + 1 < j < n) is not a root of R\ and so it is not 
an element of Ai. Therefore 

(2.33) fj ■ v = 0, 1 + 1 < j < n. 
Now this implies that 

, . • ej • v = ej ■ fj ■ v - hj ■ v = - hj ■ v G Fv, 

1 ' (£ + l<j<n). 

We also note that as v is a highest vector of ^-module W, ej ■ v = for 
1 < i < ^- Therefore one gets that 

(2.35) ji G {£ + 1, . . . , n} provided that s ^ 0. 

Now we are ready to prove that u is a scalar multiple of v. If s = 0, there 
is nothing to prove. So we suppose s > 1, and use induction on s to prove. 
If s = 1, we get the result appealing (12.32|) . (I2.35P and (I2.34p . Now suppose 
s > 1. If a = eg + e£_i, then using (|2.30p together with (|2.32p . we get that 
i\ G {£,■■■ ,n}. This together with f|2.33j) and the fact that 2e^_i is not a 
weight for LI implies that f% t - v = 0. Next take 1 < k\ < . . . < k r < s to be 
the only indices with j kl = ■ ■ ■ = j kr = ii and use Lemma f2. 251 to get 



fit fi\ ' e js e ji ' v ^ ^ 1 ^ 'fit fil ' e js 

9=1 
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Now induction hypothesis completes the proof of this step in the case that 
a = e£-i+€£. Next suppose a € {eg, 2eg, tg+\ — ei}, then using (12.3ip together 
with (]2.32p . (]2.33[) . Lemma T2.25I and the same argument as before, we get 
the result. 

Step 3: It is immediate using Step 2 together with (|2.28p . □ 

3. Root graded Lie algebras 

The structure of Lie algebras graded by an irreducible finite root system 
have been studied in [6], [5], [2], [11], [3] and [7]. A Lie algebra L graded 
by an irreducible finite root system R contains a finite dimensional split 
simple Lie algebra Q and with respect to a splitting Cartan subalgebra, 
it is equipped with a weight space decomposition whose set of weights is 
contained in R. This feature allows us to decompose C into finite dimensional 
irreducible Q— submodules whose set of nonzero weights is R s h, R^iv or 
(Rsdiv)sh- Collecting the components of the same highest weight results in 
the decomposition 

(3.1) C = {G®A)®(S®B)®{V®C)(B'D 

in which V is a trivial submodule of C and S (resp. V) is the finite dimen- 
sional irreducible <7— module whose set of nonzero weights is (R s div)sh (resp. 
R s h)- The Lie algebraic structure on C induces an algebraic structure on 
b := A © B © C which we refer to as the coordinate algebra of C. The Lie 
bracket on C can be rewritten using the ingredients involved in describing 
the product defined on the algebra b. In this section, we have a compro- 
mising view on the coordinate algebras of root graded subalgebras of C. We 
devote this section to two subsections. In the first subsection, we illustrate 
the structure of a specific Lie algebra which we shall frequently use in the 
sequel of the paper. In the second subsection, we consider a Lie algebra 
C graded by an irreducible finite root system R and for a full irreducible 
subsystem S of R which is of the same type as R, we take C to be the 
Lie subalgebra of C generated by homogeneous spaces in correspondence to 
S x . We show that the coordinate algebra of the Lie subalgebra C , which 
is an algebra graded by S, does not depend on S. In fact, we prove that the 

S 

coordinate algebra of C coincides with the coordinate algebra of L. More- 
over, we describe the Lie bracket on £ in terms of the ingredients involved in 
describing the Lie bracket on C with respect to its coordinate algebra. Our 
method is based on a type-by-type approach. Since the proofs for different 
types are quite similar, we go through the proofs in details if R is of type 
BC and for other types, we just report the results and leave the proofs to 
the readers. 

3.1. A specific Lie algebra. By a star algebra (a, *), we mean an algebra 
a together with a self-inverting antiautomorphism * which is referred to as 
an involution. We call a quadruple (a, *,C, /) a coordinate quadruple if one 
of the following holds: 
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• (Type A) a is a unital associative algebra, * = id a , C = {0} and 
/ : C x C — > a is the zero map. 

• (Type B) a = A © B where A is a unital commutative associative 
algebra and B is a unital associative „4— module equipped with a 
symmetric bilinear form and a is the corresponding Clifford Jordan 
algebra, * is a linear transformation fixing the elements of A and 
skew fixing the elements of B, C = {0} and / : C x C — > a is the 
zero map. 

• (Type C) a is a unital associative algebra, * is an involution, C = {0} 
and / : C x C — > a is the zero map. 

• (Type D) a is a unital commutative associative algebra * = id a , 
C = {0} and / : C x C — > a is the zero map. 

• (Type BC) a is a unital associative algebra, * is an involution, C is a 
unital associative o— module and / : C x C — > a is a skew-hermitian 
form. 

Suppose that (a,*,C,f) is a coordinate quadruple. Denote by A and B, 
the fixed and the skew fixed points of a under *, respectively. Set b := 
b(a, *, C, /) := a © C and define 



• : b x b — ► b 

(ai + ci, a 2 + C2) i-> (ai ■ a 2 ) + /(ci, c 2 ) + «i • c 2 + ■ ci, 



for qi, a 2 £ a and c±, c 2 € C. Also for /3, /?' € b, set 

(3.3) pop?:=p-p! + p!-a and [/3, /?'] := /3 • /?' - ■ /3 

and for c, c' G C, define 



(3.4) 

v.CxC^B, (ccO^ /(c ' c,) t /(c/ ' c) ; c.c'gC. 
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Now suppose that t is a positive integer and for a, a' € a and c, d G C, 
consider the following endomorphisms 
(3.5) 

b, 

{ a'],/3] X = A t , peb, 

a'(aP) - a(a'P) X = B e , P G b, 

^[[a,a'] + [a*,a'%p] X = C e ,BC e , p G a, 
j- e ([a,a'] + [a*,a'*})-p X = C i ,BC l , 0eC, 
,0 X = D e , p G b, 

b, 



P i-> < 



( w[^c',/3] 



/3 i-> < 



X = BC e , pea, 



2f 



Ucvd) ■ p - Uf(P, d)-c + f(P, c) -d) X = BC £ , P^C, 



otherwise, 



r£,b ,£,b n 



a+c,a'+c' 



One can see that for p, (3' G b, ofi p t G Der(b). Next take K to be a subspace 
of b <g) 6 spanned by 

a ® c, c <8> a, a <g) 6, 

a <g) a' + a' <g) a, c ® c' — c' <8> c, 

(a • a') <g> a" + (a" • a) <g> a' + (a' • a") ® a, 

/(c, c') <g> a + (a* ■ d) <g> c - (a • c) <g> c' 

for a, a', a" G a, a G A, b G £>, and c, c' G C. Then (b ® b)/if is a Lie algebra 

under the Lie bracket 

(3.6) 

for p 1 ,p 2 ,P[,P' 2 G b (see [3 Proposition 5.23] and g]). We denote this Lie 
algebra by {b, b} £ (or {b, b} if there is no confusion) and for P\,P 2 G b, we 
denote (Pi <g> ^2) + ^ by {Pi, P 2 }e (or {/3i, ^2} if there is no confusion). We 
recall the full skew- dihedral homology group 



FH(b) := {J2{Pi,Pl}t G {b, b} e I J24lp' = °> 



i=l 



i=l 



of b (with respect to •£) from [3] and [2] and note that it is a subset of the 
center of {b, b}e. For /3i = a\ + 61 + ci G b and /?2 = a 2 + 62 + C2 G b with 
di, 02 G A, b\, b 2 G B and ci,C2 G C, set 



(3.7) 



81, 



[ai,a 2 ] + [61,62] - ciw 2 . 
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We say a subset /C of the full skew-dihedral homology group of b satisfies 
the "uniform property on b" if for /3i, /3[, . . . , f3 n , P' n G b, !]™ =1 {A, P[}e. G K, 
implies that YH=i p. = 0- 

Remark 3.8. Suppose that £,£' are two positive integers. If /C is a subset 
of the full skew-dihedral homology group of b(o, *,C,f) with respect to £ 
satisfying the uniform property on b(a, *,C, /), it is a subset of the full 
skew-dihedral homology group of b(o, *,C, /) with respect to £' satisfying 
the uniform property on b(a, *,C, /). In other words, the uniform property 
on b(o, *,C, f) dose not depend on £. 

3.2. Lie algebras graded by a finite root system. In this work, we 
study root graded Lie algebras in the following sense: 

Definition 3.9. Suppose that R is an irreducible locally finite root system. 
We say a Lie algebra C is an R— graded Lie algebra with graded pair (G,7i) 
if the followings are satisfied: 

i) Q is a locally finite split simple Lie subalgebra of C with splitting Cartan 
subalgebra rl and corresponding root system R s div 

ii) C has a weight space decomposition C = ® a &R^a with respect to H. 
via the adjoint representation. 

iii) C = S ae Rx [C a , £-«]. 

The following lemma easily follows from Lemma 12.161 

Lemma 3.10. Suppose that R is an irreducible locally finite root system 
and C is a Lie algebra graded by R with grading pair (Q,7i). Let S be an 
irreducible full subsystem of R and set 

C := ^ * C a © ^ ^ [C ai C- a ], 

s s s 

Then C is an S— graded Lie subalgebra of L with grading pair (G ,rl := 

nng s ). 

Before going through the main body of this subsection, we want to fix a 
notation. If A is a subspace of a vector space V\ and B is a subspace of a 
vector space V2, by a conventional notation, we take A§t>B to be the vector 
subspace of V\ ® V2 spanned by a <g> b for a G A and b G B. 

3.2.1. Type BC . Suppose that / is a nonempty index set of cardinality 
m n := n > 3 and Iq is a nonempty subset of I of cardinality ni£ := £ > 3. 
Take V := V n to be a vector space with a basis {v-i \ i G I Li 1} equipped with 
a nondegenerate symmetric bilinear form (•, •) as in (I2.13p . Set Q n := sp(L) 
and take S := S n to be as in (T232D . Consider 11225]) . (jglijl and set 

V ' : =^o' ^:=<V ^:=5 Jo . 
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We take Id v to be the identity map on V and define the linear endomor- 



phism Id e on V by 



Id ■ V — ► V 



Vi ^ V i,vq^ v-, Vj ^ 0, Vj )->• 0; (i el , j e I\ I ). 

Also for X = £,n and x,y eG X ® S x , set 

(3.12) xo x y.= xy + yx - (l/m x )tr(xy)Id vX . 

Next for u, i> G V, define 
(3.13) 

[it, v] : V — >■ V; w i-> 2 ((«) «>)it + j + 2i( n J v )Id ve (w); w G V, 
ii o i> : V — V; it! i— >• 2"(( u ' w ) u + ( u > w)v); w G V, 
[it, i>] n : V — ► V; w i-> i((i;, iu)it + (w,u)v) + ^(u,v)Id v (w); w G V. 
One can easily see that up to isomorphism 

= span-fit o u | u, v G V }, S e = span{[u, v] | u, v G V £ }, 
= span{it o v | it, G V n }, 5" = span{[u, v] n | it, v G V n }. 

Suppose that i? is an irreducible finite root system of type SC/ and S 
is the irreducible full subsystem of R of type BCi . Suppose that C is an 
R— graded Lie algebra with grading pair (g, f)) and take £ S , g S and f) S to be 
as in Lemma 13.101 In order to simplify the using of the notations, we set 

(3.14) C n :=C, C e :=C S , [u, v] e := [u, v]; (u,v G V). 

One knows that as a g S — module, L l can be decomposed into finite di- 
mensional irreducible g — submodules, each of which is a finite dimensional 

g 

irreducible g —module with highest weight contained in S. Take 

(3.15) ^ = £ s = ©g ! e®s J e0K i ®i? 

iex jeJo te% 

to be the decomposition of L l into finite dimensional irreducible g S — modules 
in which Zq,Jq,Tq are (possibly empty) index sets and for i G Zq, j G Jo, and 
t £ To, Qi is isomorphic to g (~ Q e ), Sj is isomorphic to S e , Vt is isomorphic 
to V 1 and £ is a trivial g — submodule. 



Lemma 3.16. Use the notation as in the text and consider C = C n as a 
q— module. Then there exist index sets X, J, T with Zq C X, Jq C 7o C T, 
and a c/ass {T> n ,Qi,Sj,Vt \ i G X, j G G T} of finite dimensional 

q — submodules of £ such that 

• P n is a trivial q— module, Qi is isomorphic to g, Sj is isomorphic to 
S, and Vt is isomorphic to V, for i G X, j G J , t G T, 

• g» c c Sj, v t c Vt (i g x , j g Jo, * e 
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We make a convention that we refer to 

(3.17) (1, J, T, { Qi }, {Qi}, { Sj }, {Sj}, {V t }, {V t },E, V n ) 
as an (R, S) — datum for the pair (C n , C £ ). 

Proof. For i G Tq, by Proposition ^. 261 the Q— submodule Qi of £ generated 
by Qi is a finite dimensional Q— module isomorphic to Q. For a G S* di and 
/ i £ (0j)a ^ £a> we have x G £ a n g, C fl Qi = {Qi) a . Now as 
dim^Q, = dim(g i ) Q = 1, we get 

(3.18) (&i)a = (QiU aeS s x d „. 

Claim 1. The sum X^ez @i 1S a direct sum: Suppose that . . . ,i n 

are distinct elements of Iq and ^ x € Qi n ^"=1 &h ■ Then as Qi is an 
irreducible (/—module, we get that 

n 

Gi ^^Qit- 
t=i 

This together with (|3.18p implies that for a G S* div C R* div , 

n n 

(flio)a = (&o)a ^ ^2(Si t )a = ^(flija 
t=l t=l 

which contradicts the fact that Ylielo * s direct. This completes the proof 
of Claim 1. 

Now for j G Jo and t G 7o, take <Sj and Vi to be the finite dimensional 
irreducible Q— submodules of C generated by Sj and Vt respectively. Using 
the same argument as above, one can see that the summations YljeJo Q 
and Ylt^To ^ are direct. Set 

Q{n) := ® i€ x Qi, S{n) := ® je j Sj, V{n) := © teTo V t . 

We note that Q(n) (resp. S(n) and V(n)) is a submodule of C whose set 
of weights is R sdiv (resp. Ri g U {0} and R sh ). 

Claim 2. For a G Ri g , x G <?(n) a , and y G 5(n) a , we have x+y = if and 
only if x = y = : Suppose that x + y = 0. Since x G (?(n)a, = Sieio^*)"' 
we get x = SigXo Xi with finitely many nonzero terms Xi G (Qi) a , for i G 2"o- 
Similarly y = Y2jej yj with finitely many nonzero terms yj G (<Sj) a , for 
j G J7o. Now we recall that £, n > 3 and iZ, 5 are root systems of type 
BC n and BCi respectively. This allows us to pick /3i , /?2 G such that 
j3 := a + /3i + fa G Sz g and a + /3i G Fix oi G Qp x and 02 G Using 
Lemma 12.241 we get that 

if Xi (i G Iq) is nonzero, then 02 ■ «i • is a nonzero 

(3.19) element of = (Qi)p and similarly if j G ^7o and 

7^ 0, 02 • ai - yj is a nonzero element of (Sj)p = (Sj)p. 

Now since x + y = 0, we get that X^gx x « = ~~ Vj which in turn 

implies that X^eXo ° 2 ' ai ' Xi = ~ ^jeJo °2 ' °i ' Vj ■ But the right hand side is 



20 



an element of ©j'eJb( s j)/3 an d the left hand side is an element of ©iex (fli)/3. 
Therefore 02 • 01 • Xj = and 0,2 ■ a\ ■ yj = for j S lo and j G j7o- This 
together with (I3.19j) implies that for i £ To and j G J7b, = and yj = 0. 
This completes the proof of Claim 2. 

Claim 3. For x G G(n)o and y G <S(n)o, x+y = if and only if x = y = : 
Suppose that x + y = and 1 / 0. Since <?(re)o = SieXo^) ' we nave 
x = X^ieXo Xi w ith finitely many nonzero terms X, G (£/j)oj i £ Tq. Fix t G 2"o 
such that xt 7^ 0. Since xj is a nonzero element of the irreducible nontrivial 
g— module Qt, there is a G i? x and ^ a 6 §„ such that a • xt 7^ 0. We 
note that x G £?(n)o and y G <S(re)o, therefore we have a • x G £7(n) Q and 
a • y G «S(n) a . Now as = a • x + a ■ y, Claim 2 together with the fact that 
the set of weights of <S(n) is R[ g U {0} implies that a ■ x = and a • y = 0. So 

ieXo * s a direct sum, so a-xt — which 
is a contradiction. Therefore x = and so y = as well. This completes 
the proof of Claim 3. 

Claim 4. The sum Q{n) + S{n) + V(n) is a direct sum: Suppose that 
x G (?(n), y G 5(n) and z G V(n) are such that x + y + z = 0. We have 

x = x Q with x a G <7(n) a C C a for a G i2 a£ ft„, y = y Q with 

aeR sdiv aGR i9 U{0} 

y a G <S(ra) Q C £ Q for a G Ri g U {0}, and 2 = z a with z Q G V(n) Q C £ Q 

for a G -Rah- Therefore one gets that 

xo + yo = 0, z a = 0, xp + yp = 0, x 7 = 0; 
(a G J? sfc , /3 G Ri g , 7 G i? ex ). 

Now using Claims 2,3, we are done 

To complete the proof, we note that as a g— module, jC can be decomposed 
into finite dimensional irreducible g— submodules with the set of weights 
contained in R. Now as ©j g 2 Q% © ©j 6 j- Q $j © ©te7o ^* * s a su bmodule of 
£, one can find index sets X, JT, T with 

X CI, Jo QJ, % 

and a class {£> n , Gi,Sj,Vt \ i G X \ To, j G J\Jo,t € T \ 7o} of finite dimen- 
sional g— submodules such that T> n is a trivial g— module, Qi is isomorphic 
to (i G X\Xo), 5j is isomorphic to <S (j G J" \ Jo), Vt is isomorphic to V 
(t G T\To) and 

£ = (0ft0 0«Sj©0Vi)©( Gi@ V 4 ffiPn) 

ieZo jeJb te7o iex\2 jeJ\Jo teT\T 

iex jej teT 



This completes the proof. 



□ 
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From now on, we use the data appeared in the (R, 5)— datum (13. 17[) . We 
take A n to be a vector space with a basis {ai \ i G 1}, B n to be a vector 
space with a basis {bj \ t G J} and C n to be a vector space with a basis 
{cj | i G 7"}. Then as a module, C can be identified with 

(3.20) (Q n © A n ) © (S n © B n ) © (V n © C n ) © P n . 
Take 

(3.21) Lp:C — >{g n ®A n )® (S n © B n ) © (V n © C n ) © £>„ 

to be the canonical identification. Next define At to be the vector subspace 
of A n spanned by {a, | i G 2o}, Bi to be the vector subspace of B n spanned by 
{bj | j G Jo} and Ce to be the vector subspace of C n spanned by {<% | t G 7o}- 
Then it follows from (13.150 that as a £7 — module, C £ = C can be identified 
with 

(3.22) {G e ®A e ) © (S e ®B e ) © (V^Q) © V t 

where T>i := ip(E). In what follows using [3j Thm. 2.48], for fx = £,n, we give 
the algebraical structure of C in terms of the ingredients involved in the 
decomposition of into finite dimensional irreducible Q^— modules. Set 
a u := A a © B a . Then there are a bilinear map - a : a u x a M — > a u and a 
linear map * u : a u — > a u such that (o M , - u ) is a unital associative algebra 
and * u is an involution on a u with *^-fixed points A^ and *^-skew fixed 
points B u . Also there is a bilinear map : a u x C M — > C u such that - u ) 
is a left unital associative a^-module equipped with a skew-hermitian form 
fu '■ C u xC u — > a u . Take b u := b(a u , * U ,C U , f u ) to be defined as in Subsection 
13.11 and set - u , o^, [•, -] u , o u and v u to be the corresponding features as •, o, 

[-,■], o and <? defined in Subsection 13.11 Also for f3, f3' G b a , set p, := cJo'o^. 
By [31 Theorems 2.48, 5.34], V a is a subalgebra of £ M and there is a subspace 
JCfj, of the full skew-dihedral homology group 

FH(bn) = I = 0} 

i i 

of b M such that V u is isomorphic to the quotient algebra {b^, b a } u /K. u . For 
/3i,/32, take (/3i,/?2)/x to be the element of 2?^ corresponding to {/3i,/32}> + 
/C M , then one has (A U ,B U ) U = (A U ,C U ) U = (B U ,C U ) U = {0} and V a = 
(A u , A u ) u + {B u , &u)u + (C u , Cu)u- Moreover the Lie bracket on D 1 which is 



22 



an extension of the Lie bracket on V> a is given by 
(3.23) 

[x ® a,y ® a'] = [x,y] ® \{a o n a') + (x o u y) (gi |[o, a']^ + tr(xy)(a, a') 
x ® a, s ® 6] = (x o M s) (gi i [a, 6] M + [x, s] ® ^ (a o M 6) = — [s (g 6, x <g a] 
s ® b,t ® 6'] = [s, i] (g i(6 o M 6') + (s o a t) ® \[b, b% + tr(st)(b, 6%, 
i®a,«®c] = xu (g a -fj, c = — [u (g c, x ® a] , 
s (g 6, u (g c] = (g 6 - M c = — [u (g c, s ® b] , 

u (g c, v (g c/] = (u o v) ® (c o M d) + [u, u]^ (g (cv^d) + (u, «) (c, c%, 
(/3,/3%,x ® a] = x <g d^ )j9 ,(o) = -[x <g a, (/3,/3%], 
03, /3%, « ® 6] = s ® dgj,,(&) = -[« ® 6, (/3, /3%], 
= n®4 fl ,(c) = -[u®c, (A/3%], 



(/3,/3%,u®c 

for x,y G s,t £ S^, u,v G V M , a, a' G 6,6' G $ M , c, c' G C M and 
/3,/3'g V 

Lemma 3.24. We have 1 = Tq, J = Jq and T = 7o- 
Proof. It follows from (|3"33"j) . (13^201) and (ET22"]) that 



and 



v«®c„ 



(V £ ) Q ®Q 



(5, 



if a G J£ s /, 
if a G it^ 5 
if a G i? ex 

if a G S'sh 

if a G 

if a G 5 e:r . 



Now fix a G S er , then 



(^)a®^ = (£ ) a = £a = 6 

This together with the fact that = G™ is a one dimensional vector space, 
implies that the vector space Ae equals the vector space A n . In particular 
we get X = 1q. Next fix a G S s h, then we have 

V e a ®C e = C s a = £ a = V^®C n . 

This as above, implies that T = 7o- Finally fix a G S 1 ;,,, then 



(e2®-An) e (S£®£„). 



Now as <S„ = is a one dimensional vector space, Q a = Q 1 ^-, Be ^ B n and 
^ = ^4 n , we get that the two vector spaces Be and B n are equal and so 
J = Jo- □ 

As we have already seen, on the vector space level, we have 
Ae = An, Be = B n , Ce = C n 
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which in turn implies that the vector space be equals the vector space b n . 
In the following lemma, we show, in addition, that the algebras be and b n 
have the same algebraic structure. 

Lemma 3.25. The algebraic structure of b n coincides with the algebraic 
structure of be- 

Proof. Using Lemma f3. 241 we set 

(3.26) A:=A e = A n , B := B e = B n , C := C t = C n . 

Suppose that i, j, k are distinct elements of Iq. Take x := eij — ej j G Q l 
and y := e^ k - e^j G Q £ , then 

tr(xy) = 0, [x, y) = e iyk - e^, x o n y = x o £ y = e ijk + e kl . 

Now for a, a' G A, by fj3.23f) . we have 

[x,y] <8> ^(a °n a') + (x o n y) ® -[a,a'] n = [x ® a,y ® a'] 

= [x,y] ® °e a') + (x o e y) ® ^ [a, a']t. 

This in turn implies that 

[ x ,y] ® (\( a °n a!) - ^(ao e a')) = (x o n y) <g> (^[a,a!)e - ^[a,a'] n ), 

but the left hand side is an element of Q ® A and the right hand side is an 
element of S <g> B. Therefore as [x, y] ^ and x o n y ^ 0, we get that 

- ^[a,a'] n = and -(a o n a') - -(a o e a') = 0. 
This now implies that 

(3.27) a •£ a' = a - n a'; a, a' G A. 

Next take i and j to be two distinct elements of Iq. Set s := + ej j G 
and x := e^j G f? , then we have 

ir(xs) = 0, [x, s] = ejj — e^j, x o e s = x o n s = ej j + e^j. 

Now for a G ^4 and 6 G 5, by (|3.23p . we have 

(x o t s) ® i[a, 6]^ + [x, s] ® -(a 6) = [x <g> a, s ® 6] 

= (xo n s) ® -[a, &]„ + [x, s] ® -(ao„ 6). 

This implies that 

(x s) ® (-[a, 6]^ - -[a,b) n ) = [x,s] ® (-(a o n 6) - -(a b)). 
Now as before, one gets that 

^[a, b ]e-^[a,b] n = and ^(a o n b) - ha o e b) = 0. 
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This in particular implies that 

(3.28) a -gb = a - n b and b ■£ a = b - n a; (a € A, b € B). 

Finally, for distinct fixed elements k of Io, set s := — ejj,t = 
e i,k ~ e k,i € S . Then 

tr(st) = 0, [s, t) = -e jtk + e S j, s o £ t = s o n t = -e j>k - ej,j. 
Therefore for b, b' € B, by (|3.23p . we have 

([B,t]®-(bo t V)) + ((8o t t)®-[b,V]t) = [s®b,t®1/] 

= ([», *] <8» 5(6 °n &')) + (( s °n t) ® 1[&, &']„)• 

This implies that 

[s, t] ® (1(6 o, 6') - 1(6 o n 6')) = (a ° n *) ® (1[6, b'\ n - 1[6, 6'],). 

Therefore we get 

1(6 o,*/) -1(6 o re 6') = and 1[6, 6'] n - 1[6, K] t = 

and so we have b ■£ b' = b - n b' which together with (|3.27p and (|3.28p implies 
that 

(3.29) at = a n (as two algebras). 

Now take x € Q , s £ S and it, v £ V to be such that ^ and sv ^ 0. 
Then for a £ A, b £ B and c € C, we get using (|3.23h that 

xu® a ■£ c = [x ® a, u <g) c] = m ® a - n c, 
sv ®b ■£ c = [s <g> 6, u ® c] = su ® 6 - n c. 

This implies that 

o 7 c = « ■„ c and b ■£ c = b - n c 
for a G f» £ B and c S C Therefore we have 

(3.30) Q = C n (as two a n — modules). 

Now we are done thanks to (13. 29ft and (|3.30j) . □ 

Now using Lemma 13.251 we set 

a := a n = a.£ and b := hi = b n . 
Also for j3,/3' € b, we take 

P ■ P> := - n p = p ■£ P', 

(3.31) [P,P']:=P-P'-P'-P, 

Pop' :=p.p' + p'.p. 
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Lemma 3.32. For a, a' € A, and b, b' € B, we have 

(a,a') n = (=fld t + ^Id v ) <g> ^[a,a']) + (a,a% 
(b, b') n = {^Id V vl + ±Id v ) ® i[6, 6']) + (6, 6'),. 

/or c, d G C, fi(c,d) = f n (c,d), c«<c' = c«„ c' and cvgd = cv n d. 
Moreover we have 

(c,c')n = ((jld^ - ~Id v ) ® -cv n d) + (c,c') e 

111 

= {{jld^ - -Id v ) <g> -c^c') + (c,cV 

Proof. Fix x,y £ Q e such that tr(xy) ^ 0. For a, a' E A, consider (|3.3ip 
and use (|3.23p to get 

([x,y] ® -(aoa')) + ((a: o n y) ® -[a, a']) + tr(xy)(a,a') n = [x®a,y®a'} = 

1 1 

([^,y] ® -(aoa')) + ((a: o t y) ® - [a, a]) +tr(xy)(a,a') e . 

This implies that 

( -ft*v®^[a, a'])+tr(:q/)(a, a% = {^f^-Id e ®ha,a'])+tr(xy)(a,a% 

Therefore we have 

(3.33) (a,a') n = Gfld^ + -Id v ) ® -[a, a']) + (a,a') e ; (a,a' £ A). 

Next fix s, t € 5^ such that tr(st) / 0, then for b,b' G 0, by ([3T23]) . we 
have 

([s,t] ® ^bob') + ((a o n i) ® - [6, &']) + tr (si) (&,&')„ = [s ® 6, t ® b'} = 
([s, t] ® ^6 o 6') + (( s t) ® -[6, 6']) + tr(st){b, b') e . 
This implies that 

{^^Id v ®\[b,b>})+tr{st)(b,b') n = (I±^Id ve ®±[b,b'])+tr(st)(b,b')t 
which in turn implies that 

(3.34) ( b ,b') n = ((^Id ve + lld v )®±[b,b']) + (b,b') e - (b,b'EB). 

Now suppose that i and j are two distinct elements of Jo- Take it := Vi 
and v := vj, then (it, v) = and so [it, v] n = [it, v]. Therefore for all c, d £ C, 
by (|3.23p . we have 

(mod)® (c o n c ) + [it, v] <8> (c<? n c ) = [u ® c, u ® c'] 

= (it o u) ig) (c c') + [it, i>] <8> cz>ed. 
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But u o v G Q, [u,v] is a nonzero element of S, c <>g c',c o n c' G A and 
c^c', c^nc' G B, so we get that 

(3.35) co c := co^ c = co n c and roc' := c^c' = cv n c; (c, c' G C). 
This in turn implies that 

(3.36) f(c, c') := f e (c, c) = f n (c, c ); (c, c G C). 

Next for an element i of /, take u := v% and v = iq. Then for c, c' G C, by 
(|3.23j) . we have 

(u o v <g) c o c') + ([«, t>] n (g> cqc') + (c, c'}„ = [it ® c, v <g> c'] = 

(«ot)8coc') + ([u, v]i cvc') + (c, c')e, 

using which, one concludes that 

(3.37) (c,c') n = (c,c') £ + (^- t Id v -—Id vl )®cvc'-, (c,c'eC). 
This completes the proof. □ 

Corollary 3.38. Let £ < n and suppose that t G N, <2i,a^ G A, bi,H i G B 
and c u c\ G C for 1 < i < t. Then ^'=i(( a *' a 'i)i + { b i^b'j)e + (ci,c£}<) = «/ 
and on/y «/I]* =1 ([ai, a<] + [6j, ^] - CjwQ = and Yd=i{( a ii a 'i)n + {h, b'i)n + 
(cj,c^) n ) = 0. 

Proof. By Lemma l3.3'2i we have 

^((ai, a-)^ + (6j, + (q, c'i) e ) = 
i=i 
t 

^2((ai,a% + (bi, &•)„ + (q, c-)„) - 

i=l 

— 1 1 1 ■> ^ ^ 

(~ Id v e + n Mv ^ ® 2 J^^ ai ' °*1 + ^' 6 ^ ~ Ci ^- 

i=l 

Now as E'=i(( a i' a i)« + ( b i,b'j)n + (ci,c-) n ) G £>n and {^Id t + ~Id v ) <g) 
\ Si=i([ a *' °il + [&»> ~~ c^cD S 5 ® we are done. □ 

Remark 3.39. Consider the decomposition f|3. 15|) for £ S = into finite 
dimensional irreducible g — submodules and the decomposition of C = C n 
into finite dimensional irreducible g— submodules as in Lemma 13.161 then 
contemplating the identification (|3.2ip . we have using Lemma 13.321 that 

£ = (0&e0s,-e0v t ) + £. 

iei jej teT 

Moreover setting (/3,/3') n := <P~ l ((P, P')n) and {0,0') e := <p-\{P,P)t) for 
P t p G b, we get that {((3,(3') n | (3,(3' G b} spans V n and that {{(3,(3') e \ 
(3, (3' G b} spans E. Furthermore, thanks to Corollary [HSU for t G N, dj, G 
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A, in, bf t €B and a, cj G C (1 < * < t), Ei=i(K> <Y + + <Ci. 4)') = 

if and only if £* =1 (K + &0 -Q^) = and £*=l((«*> 6' t )" + 

<Ci,cJ>") = 0. 

Proposition 3.40. For e, / set 

eof:= e f + fe — Id v i- 

Also for j3\ = ai+bi+ci £ b and (32 = a2+&2+C2 G b with a\, 02 G -4, &i,&2 £ 
£> and ci, C2 € C, we recaZZ /rom |3, 7\) that j3* ^ := [a\, 02] + [61, 62] — C1QC2 
and se£ 

(Pufo):=(fli,fo) t , #=ci, /3 2 * = c 2 

and ta&e 

£> := span{(a, a'), (b, b'}, (c, c ) | a, a G 6, 6' G £?, c, c G C}, 
then contemplating h3. 35]) . we have 

= {(g®A)e(s®B)®{v®c)) + v 

with the Lie bracket given by 
(3.41) 

[x ® a, y <g> a'] = ® |(a o a') + (a; o y) <g> i[a,a'] + tr(xy)(a,a'), 

[x ® a, s ® 6] = (x o s) (gi i [a, 6] + [x, s] <8 I (a o 6) = — [s ® 6, z a] , 

[s®M®b'] = ® 5(606') + (sot) <g) I [6, 6'] +tr(st)(b,b'), 

[x d> a,u ® c] = xu (g) a ■ c = — [u ® c, x ® a] , 

[s ® b, u ® c] = su®b-c = — [u <8> c, s (8 6], 

[n®c,«8 c'] =(nou)® (co c') + [«, u] (X) (c<?c') + (u, i>)(c, c'), 

[(/3i,/3 2 ),x«.a] = ^(xo/d v , ®[a,p; i fl2 } + lx,Id ve }®ao/3; i ^), 

[{Jh,02)fi ® 6]=^([«, ° o W yf J+2tr( S /aVX&, 0;^)), 

[(/?!, ® c] = ^Jd^v ® (/?; ^ • c) - |v ® (/(c,/3 2 *) • ft + /(c, ft) • ft) 

[^i,/3 2 ),(^ 1 ^}] = (4 1 ^(/3i),^> + (/3i,4 1 A(^)) 

for x,y <E G, s, t € 5, u, v G V, a, a' G ^4, 6, b' G i3, c, c' G C, /3i , /?2 , P[ , /3 2 G 
b. 
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Proof. Suppose that x, y G Q, s, t G 5, u, v G V, a, a' £ A, b,b' £ B and 
c, c' € C, then (13.23H (for /i = n) together with Lemma 13.321 implies that 

[x <g> a, y <g> a'] = ([x,y] <g> -(a o a')) + ((x o„ y) ® i[a, a']) + tr(xy)(a, a') n 

= i[x,y) ® ^( aoa ')) + (( xo n y) ® ^[a,a']) 

(3.42) + tr(xy)(^-Id vl +-Id v )®-[a,a'])+tr(xy)(a,a')i 

= {[x,y] ® -(aoa')) 

+ ((Oco„y) +tr(xy)(-^-Id vt +-Id v ))®-[a,a!])+tr{xy)(a,a!)t 

= {[ x iV\ ® ^( aoa ')) + (( 2;o 2/) ® ^[o,a / ]) +tr(xy){a,a'}. 
Similarly we have 

1 1 

[a®M <g>6'] = (M ® 2( 6ob ')) + (i sot ) ® T^M']) + * r ( s *)(M'> 

and 

[it ® c, « ® c'] = ((u o«)®coc') + ([it, d] ® (cw')) + (it, v)(c, c'). 

Now for ai,a2 G .4, &i , 62 G $ and ci,C2 G C, set 6* := [01,02] + [61,62] — 
ci<?C2] and take s n := (l/£)Id . — (l/n)Id v . Then for a; G s G 5, v £ V, 
a G A, b G Z3, and c £ C, one can see that 

[x <g> a, s„ ® 6*] = —(a; old ,® [a, b*] + [x, Id ,] <g> a o &*) — — x ® [a, b*}, 
21 v v n 



[s <g> b, s n ® 6*] = i ( [s, 7d v , ] <g> 6 o 6* + (s o 7d v , ) ® [6, 6*] ) - - s <g> [6, 6*] + ir (ss„ ) (6, 6*) 
and 

[s„ ® 6*, v ® c] = -Id vl v ®b* ■ c v ®b* ■ c. 

We next note that 

[(ai,a 2 )„ + (6i,6a>n + (ci, c 2 >„, a? (8 a] = x ® {d n ai a2 + d% iM + d n ci C2 ){a) 

= —x ® [6*, a] 
2n 

[(oi,a a >« + (6 1 ,6 a >n + <ci,ca)»,«®6] = a ® (d? 1)0a + < life2 + 

= — s<Z)\b*,b] 
2n 

[(ai,a 2 ) n + (bi,b 2 ) n + (ci,c 2 >„,uOc] = v ® (<C ll0a +d£ Ii6a + d£ iCjl )(c) 

1 

= — u ® • c 
2n 

- w®-(/(c,c 2 )-ci + /(c,ci)-c 2 ). 
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Therefore using Lemma 13.321 an easy verification gives that 

[{01,02) + (61,62) + {ci,c 2 ),x®a] = -—{xoId vt <E> [a,b*] + [x,Id vt ] <E>aob*), 

[{ai,a 2 ) + (61, 6 2 ) + (ci, c 2 ), s <E)b] = ~^{[s, « V J ® b o 6* + (s o Jd v J® [6, 6*]) 

- ^- g tr{sld v e){b,b*), 

and 

[(ai,a 2 ) + (6i,6 2 ) + (ci,C2),u(8)c] = «^d v * «® 6* -c~ ~v® (f(c, c 2 ) -ci +/(c, ci) -c 2 ). 

These together with (I3.23D complete the proof. □ 

3.2.2. Types A and D. Suppose that / is an index set of cardinality n + 
1 > 5 and Iq is a subset of I of cardinality £ + 1 > 5. Suppose that R 
is an irreducible finite root system of type X = Aj or Di. Suppose that 
V is a vector space with a basis {vi \ i € /} and take Q to be the finite 
dimensional split simple Lie algebra of type X as in Lemma 12.51 or Lemma 
12.101 respectively and set Q l := Q Iq . Suppose that V is the subspace of V 
spanned by {vi \ i 6 lo}- We take Id v to be the identity map on V and 
define Id . as follows: 

Id • V — > V 

1 ^ fj, Uj i-)- 0; (ie J , j el\l ). 

Theorem 3.43. Suppose that £ is a Lie algebra graded by the irreducible 
finite root system R of type X = Aj or Dj with grading pair (g, fj) and let 

S be the irreducible full subsystem of R of type Aj or Dj respectively. 

s s 

(i) Consider C as a g —module and take 

(3.44) c S = ($ Ql ®E 

iei 

s s 
to be the decomposition of C into finite dimensional irreducible g — sub- 
modules in which I is an index set and for i £ X, Qi is isomorphic to 
g (— Q ), and E is a trivial g —submodule. Then there exists a class 
{T> n ,Qi I i € 1} of finite dimensional Q—submodules of £ such that 

• V n is a trivial g— module and Qi is isomorphic to g ~ Q for i 6 X, 

• Si S (a G Zj, 

• C = ©igj (?i © f n • 

(nj Tafce „4 to 5e a vector space with basis {a^ | i € I}and identify C with 
{Q <S) A) © X> n , say via i/ie natural identification 
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= (a,a') e + (( — — Id v - D i 1 1d^ it ) <g> (aa' - a' a). 



Transfer the Lie algebraic structure of C to {Q ® A) © T> n . Then T>i := 

S t • 

tp(E) is a subalgebra of ip(C ) = (Q (k>A) © T>£ and T> n is a subalgebras of 
(Q <8> A) © T> n . Moreover the vector space A is equipped with an associative 
algebraic structure if X = Aj and with a commutative associative algebraic 
structure if X = Dj . 

(Hi) There is a subspace YZ\ of the full skew-dihedral homology group of A 
with respect to n and a subspace K, 2 of the full skew- dihedral homology group 
of A with respect to I such that D n and T>£ are isomorphic to the quotient 
algebras {A, A} n /^i and {A, A}e/lC 2 respectively, say via 

^ ■ {A, Ajn/JCi — > V n and ip 2 ■■ {A, A}e/JC 2 — ► T> e . 

(iv) For a, a' € A, take 

(a,a') n '.= il)\{{a,a!} n + K,\) and (a, a')i := ip 2 ({a, a'}e + fC 2 ). 
Then for a, a' £ A, we have 

■nTi Idv ~ I+V~ ve 

(v) For a, a' € A, set 

(a, a') n := ip~ 1 ((a, a') n ) and (a, a!) := (p~ 1 ((a, a!)g). 

If £ < n, then for ai,ai, ... ,at,a' t £ A, we have Yl\=i( a ii a 'iY = if and 
only if Y^i=i( a ii a 'i) U = and E'=i[ a i' a i] = °- 

(vi) For x,y £ Q, set x o y := xy + yx — 2t jl^ Id v i and for a, a' € A, set 
(a, a') := (a, a')e- The Lie bracket on {Q © A) © T> n = {Q ® A) + T>t is given 
by 

(3.45) 

J [x,y] <g> 5(000') + (xoy) ® I [a, a'] + tr(xy)(a, a') X = Ai, 
x, y] <g) aa' + tr{xy)(a, a') X = Dj, 

[(01,02), a; ® a] = \ +[x,Id vl ] ® a o [01,02] + 2tr(Id vt x)(a, [oi,a 2 ])), X = A r , 
X = D U 

Un „ w „, (<^ 2 K) I «2> + K,<- 4 Q2 K)), * = i,, 



[x <X> a, y <X> a 



^ X = Dj 

/or x,y £ Q, a, a', a±, a 2 , a[, a' 2 G A 



3.2.3. Types B and C . Suppose that I is a nonempty index set of cardi- 
nality n greater than 4 and Jo is a subset of I of cardinality £ > 4. Take 
Q to be either o#(I) or sp(7). Suppose that V is a vector space with a ba- 
sis {vQ,Vi,vj \ i E 1} equipped with a nondegenerate symmetric bilinear 
form (•,•) as in (|2.8j) if Q = 0b(I) and it is a vector space with a basis 
I i € /} equipped with a nondegenerate skew-symmetric bilinear form 
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(•, •) as in (12331) if Q := sp(I). Consider Q22H and (jZgfj) and set V e := V J() . 
Set 

J / U/ U{0} if g = o fl (7) 
\ /o U J if a = sp(/) 

and define Id f : V — > V to be the linear transformation defined by 

J Vi if i € J 
V * ^ \ if i G IL)I\ J. 

Finally set 5 := V and S l := V f if Q := Ob(-T) and take S and 5 £ := 5 /q to 
be as in (1232]) and (I2T23]) respectively if £ = sp(I). 

Theorem 3.46. Suppose that £ is a Lie algebra graded by a root system R 
of type X = Bj or Ci with grading pair (g, h) and let S be the irreducible 

full subsystem of R of type Bj or C/ respectively. 

s s 

(i) Consider C as a § —module and take 

(3.47) c s = 0g i e0 Sj e£ 

s s 
to be the decomposition of C into finite dimensional irreducible g — sub- 
modules in which X, J are index sets and for i G X and j G J , g^ is isomor- 
phic to g (~ Q ), Sj is isomorphic to S , and E is a trivial g —submodule. 
Then there exists a class {V n ,Qi,Sj \ i G X,j G J} of finite dimensional 
Q—submodules of C such that 

• T> n is a trivial g— module, Qi is isomorphic to g(~ Q) and Sj is iso- 
morphic to S, for i G X, j G J7, 

• 0i C g h Sj C 5,, G X, j G J/, 

fzzj Tafce ^4. and £> to 6e vector spaces with bases {aj | z G 1} and {bj \ 
j G J} respectively and identify C with (Q ® A) © (V ® B) © T> n , say via the 
natural identification 

Transfer the Lie algebraic structure of C to ©j e j^i © ©jgj'Sj ©X> n . Then 
T>£ := and T> n are subalgebras of C. 

(iii) Set a := A®B. IfQ = Ob(I), A is equipped with a unital commutative 
associative algebraic structure and the vector space B is equipped with a 
unital A— module structure. Also there is a symmetric A— bilinear form 
f : B x B — > A and a = J(f, B). Also if Q = sp(I), a is equipped with a 
star algebraic structure with an involution * such that A (resp. B) is the set 
of *— fixed (resp. *- skew fixed) points of a. 
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(iv) There is a subspace K\ of the full skew- dihedral homology group of a 
with respect to n and a subspace IC2 of the full skew- dihedral homology group 
of a with respect to I such that T> n and T>i are isomorphic to the quotient 
algebras {a, a} n /K,\ and {a, a}i/K,2 respectively, say via ipi : {a, a} n //Ci — > 
V n and ip 2 : {a, a}(,/K, 2 — > V e . 

(v) For a, a' £ a, take 

(a, a) n := {a, a'} n . + K-i and (a, a')e := {a, a'}^ + /C2. 
Then if a, a' € A or a, a' € B, we have 

(a,a') n = (a,a') e + ((-Id v ~ J Id v^ ® (l/ 2 )( aa ' - a' a)). 

(vi) For a, a' € a, set 

(a,a') n := (p~ 1 ((a,a') n ) and (a, a') 1 := f~ 1 ((a, a')n). 
If i < n, then for ai, a[, . . . ,a t ,a' t € A and bi, b[, . . . , b tl b' t € B, we have 

E*=i( a iX/ + Y?i=i( b i, b> i) e = if and only if 

t t t t 

£<a i ,aj> n + = and a',] + J>, 6fl = 0. 

i=l i=l i=l i=l 

(to) For e, / £ 5 U 5, set 

e o / := ef + fe — ld^ , 

and for a, a' € a, se£ 

(a, a') := {a,a') e , 

the Lie bracket on (Q ® A) © [S <g> B) © £> n = ((£ (8) .4) © (<S <g> B)) + £>£ is 
given by 

[x ® a, y (8) a'] = [x, y] <8> aa' + tr(xy){a, a'), 
[x ® a, s ® 6] = xs ® aft, 
[ s © 6, t ® 6'] = L> Si4 © /(&, &') + (s, t)(b, b'), 
( 3-48 ) [(a, a'),x®a] =x®d t ^ a ,(a), 

[(a,a'),s®b] = s®d e a a a ,(b), 

[(a 1 ,a 2 ), (ai,a 2 )] = (^m.c^Ki)) "2) + ( a 'l> ^"aaC^))- 
('see Definition \2. 6]) forx, y £ Q, s,t € 5, a, a' G 4, 6, 6' € B, and a, a', ai, «2, 
a^, a 2 G a z/ = o#(I) anci i£ is given by 
(3.49) 

[x ® a, y (g> a'] = [x, y] ® i(a o a') + (1 o y) ® i[a, a'] + tr(xy)(a, a'), 

[x <g> a, s (g> 6] = (x o s) ® I [a, 6] + [x, s] (g> ^(a o 6), 

[s®M® *>'] = [s,t] ® |(6 06') + (sot) ® ±[&,&'] +tr(st) (&,&'}, 

[(a, a'}, x ® a] = ^((x o Jd v4 ) ® [a, /3* Q ,] + [x, Id v< ] ® (a o f3* a a ,)), 

[(a, a') lS ® b)=^([s, Id vl }®(b o p* aa , )+(s o Id vl )®[b, P^J + 2tr(sld vi ) (b, P* aa ,)), 

[(ai.aa), (a / 1> a / a )] = «% 2 K),^) + (oi,^- (q^)). 
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(see \3.7\) ) for x,y G G, s,t G 5, a, a' G «4, 6, b' G 23, a, a', a±, «2, «2 G a 
ifG=sp{l). 



In this section, we discuss certain recognition theorems to characterize 
Lie algebras graded by an infinite irreducible locally finite root system. The 
main target of the present section is to generalize the decomposition (|3.ip 
for Lie algebras graded by infinite root systems. For a Lie algebra C graded 
by an infinite locally finite root system with grading pair (fl, F)), we first 
decompose C as a direct sum of a certain subalgebra of C and a certain 
locally finite completely reducible q— submodule. This in particular results 
in a generalized decomposition for C as in (|3.ip . We next reconstruct the 
structure of £ in terms of the ingredients involved in this decomposition. 
Moreover we prove that any Lie algebra graded by an irreducible locally finite 
root system arises in this way. As in the previous section, we concentrate 
our attention on type BC and for other types, we just report the results. 

4.1. Recognition theorem for type BC. Suppose that I is an infinite 
index set and £ is a positive integer greater than 3. We assume R is an 
irreducible locally finite root system of type BCi and take G, S and V to 
be as in Lemmas 12.121 and 12.201 We show that an R— graded Lie algebra C 
can be decomposed into 



in which A, B and C are vector spaces and V is a subalgebra of C We equip 
b := A © B © C with a unital associative star algebraic structure and show 
that T> can be expressed as a quotient of the algebra {b, b}i by a subspace 
of the full skew-dihedral homology group of b with respect to £ satisfying 
the uniform property on b. Conversely, for vector spaces A, B, C and D with 
specific natures, we form the decomposition (j4. 1[) . equip it with a Lie bracket 
and show that it is an R— graded Lie algebra. 

Theorem 4.2. Suppose that I is an infinite index set and £ is an integer 
greater than 3. Assume R is an irreducible locally finite root system of type 
BCi and V is a vector space with a basis {v-i \ i G J U J}. Suppose that (-, •) 
is a bilinear form as in \2.13]) . set G '■= 5p(I) and consider S as in A2.22\) . 
Fix a subset Iq of I of cardinality £ and take Ro to be the full irreducible 
subsystem of R of type BCj . Suppose that {R\ | A G A} is the class of all 
finite irreducible full subsystems of R containing Rq, where A is an index 
set containing zero. For A G A, take G x as in Lemma \2.14\ and V X ,S X as in 
\2.23\) . also define 



4. Root graded Lie algebras - general case 



(4.1) 



(G ® A) © (S ® B) © (V ® C) © V 




otherwise. 
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For e, f £ Q U S, define 

eof:= e/ + /e-^Mj . 

(i) Suppose that (a,*,C,f) is a coordinate quadruple of type BC and A, B 
are *-fixed and *-skew fixed points of a respectively. Set b := b(o, *, C, f) and 
take [•, -],o, <?, o to be as in Subsection \3.1[ For P\,^2 G b, consider dJ* o as 
in f3.5\) and take (3*^ ^ , ft and /3| as in Proposition \3.40[ For a subset K 
of FH(b) satisfying the uniform property on b, set 

£{b, K) := (£ © A) © (S © £) © (V © C) © {{b, b} e /K). 

Then setting {(3,(3') := {(3,(3'} + K, (3,(3' G b, £(b,/C) together with 
(4.3) 

[a; ® a, y ® a'] = [x, y] ® 5 (a o a') + (x o j/) ® i[a, a'] + tr(xy)(a, a'), 

[x ® a, s ® 6] = (a; o s) ® |[a, ft] + [or, s] ® |(a o 6) = — [s ® 6, a; ® a], 

[s® 6, * (8) 6'] = [s,i] ® |(6 o b') + (sot) ® \[b,b'] +tr(st)(b,b'), 

[x ® a, u ® c] = to® a • c = - [ft8ic,i ® a], 

[s ® 6, m ® c] = su ® b ■ c — — [u ® c, s ® b] , 

[u ® c, u ® c'] = (u o u) ® (co c') + [u, v] ® («?(/) + (w, u)(c, c'), 

[(ft, ft,}, x 8a] = ^o3 )® [a, ft*^] + [x, %] ® (a o ft*^)), 

[C9i,j9 2 >, s ® &]=ir([ s = 3o]® (6 o ^ ^ )+(s o 3 )® [6, ft^ J+2tr( s %)(b, p^J), 

[(ft, ft), t; ® c] = £j u ® 0* , 2 • c - \v ® (/(c, ft) • ft + /(c, ft*) • ft) 

[(ft,ft),(ft,ft)] = (4 iifc (ft);ft) + (ft,4 ifc (ft)) 

/or 1,1/66, s,te5, u.DeV, a, a' G .A, b,b' G S, c,c' G C, (3 X , (3 2 , (3[, (3' 2 G 
b, is an R— graded Lie algebra with grading pair {0,%) where % is the split- 
ting Cartan subalgebra of Q defined in Lemma \2.1SX 

(ii) If £ is an R— graded Lie algebra with grading pair (g,h), then there 
is a coordinate quadruple (a,*,C,f) of type BC and a subspace K, of b := 
b(a, *,C,f) satisfying the uniform property on b such that C is isomorphic 
to C(b,K). 

Proof, (i) We prove that C{b,lC) together with (|4.3p is a Lie algebra. For 
A G A set n x := and C x := {G x (g>A) © (S X ®B) © (V A ©C) © (b, b). Also 
for a, a' G A, b, b' G B, and c, c' G C, set 

(a, a') x := (((=f% + ^x) © \[a, a']) + {a, a'), 
(b, b') x := ((^Jo + ^a) © |[6, 6']) + (6, 6'), 
(c, c') A := ((| J - ^3 A ) © ±otc') + (c, c'), 
{a, b) x = (b, c)x = {a, c)x := 0. 

Take {b,b)x ■= span{(a, a') x , {b, b') x , (c, d)x \ a, a' G ^4, b, b' G B,c,c' G C} 
and note that as /C satisfies the uniform property on b, we have 

£ A : = (g x ®A) © (S A ©£) © (V A ©C) © (b, b) A . 

For (3 = a+b+c,(3' = a' + b'+c' G b, set {(3,(3') x := (a, o')a+<&, &')a+(c, c') a . 
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Now consider the linear transformation if; : b (8> b — )■ (b, b)> mapping 
(3 <g) /?' to (/3,/3')\. It is not difficult to see that for the subspace K of b <g> b 
defined in Subsection 13. 1[ if)(K) = {0}. So ?/> induces a linear transformation 
V> : {b,b}.„ A — > (b,b) A mapping {(3,(3'} nx to (/3,/3') X - Take /C A to be the 
kernel of ip.IftE N, a,,, G .4, 6j, ^ G B and c«, c- G C (1 < i < t) are such 

that E*=i({ a i' a i}™A + { h iA)n x + {ci,^} n J G IC nx , then £- =1 ((fli, <)a + 

(bi, b[) \ + (ci, c[) \) = 0. This implies that 

(4.4) 

-1 1 1 ' * 

((^3o +— Ja)®^ V([a 1 ,^] + [6 l ,6' i ]-(c J ^))+^((a J ,a , i ) + (fe 1 ,fe' 1 ) + (c 4 ,c' i }) = 0. 

This in turn implies that ^i=i(( a «i a 'i) + (^i; K) + ( c «' c i)) = Therefore we 
get that ICx is a subset of the full skew-dihedral homology group of b with 
respect to £. But if A / 0, (g3D implies that £]i=i([ a «> a'J + fo, ^-(q^)) = 
0. Now one gets using this together with the fact that ICx is a subset of the 
full skew-dihedral homology group of b with respect to £, that ICx is a subset 
of the full skew-dihedral homology group of b with respect to nx- Now it 
follows from O Chapter V] that £ A together with the product introduced 
in (|4.3p restricted to £ A x £ A defines a Lie algebra. Therefore £ together 
with [-, •] is a Lie algebra as L = VJx&h£- X - Now one can easily see that C has 
a weight space decomposition C = (BaeR^-a with respect to % in which 



V a ®C if a G 

(£ Q <8> A) © (<S Q ® B) if a G i?/ g 

C/q, (8) A if a G -R, 

(& ® 4) © (So ® B)@ (b, b) if a = 



e.r 



and that C is an R— graded Lie algebra with grading pair (£/,%). 
(ii) For A G A, set 

£ A := Eaeil^ £q © Eaefl* [^"' ^-«]' 

and note that g A is isomorphic to C/ A . We know by Lemma 13.101 that £ A is 
an i?A~ graded Lie algebra with grading pair (g A , fj A := g A n f)). Consider £° 
as a g°— module and suppose that {Gf,Sj, V t °,£>o | « G X, j G J7", i G T} is a 
class of finite dimensional g°— submodules of £° such that 

• ^ = E Je z^ ©E je j^ffiE Jer Vt ffi^o, 

• Vq is a trivial g°— submodule of £°, 

• for i G X, j G J and i G T, 0® is isomorphic to is isomorphic 
to 5°, and is isomorphic to V°. 

Now for A G A, consider £ A as a g A — module via the adjoint representa- 
tion. Using Lemmas 13.161 and 13.241 one finds finite dimensional irreducible 
g A -submodules £ A , <S A , V A (i G l,j G J,t G T) of £ A and a trivial 
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— submodule T>\ such that 

(x, j , r, {gf}, {e A }, {5°}, {s x }, {v°}, {v t A }, d , v x ) 

is an (R x , R )— datum for the pair (C x , C°) (see (|3.17fl ). we know from Sub- 
section [32] that there is a coordinate quadruple (a, *,C, f) of type BC and 
a subspace JC\ of the full skew-dihedral homology group of b := b(a, *,C, /) 
with respect to n\ = such that V\ is a subalgebra of £ A isomorphic to 
the quotient algebra {b, b} nx /JC\, say via ^ : {b, b} n , x /IC\ — > V\. Now for 
P,p' G b, set 

(4.5) </3,/3') A :=0 a ({/3,/3'}a + /Ca). 

Take .4. and B to be the *— fixed and *— skew fixed points of a respectively 
and note that 

Vx = span{(a, a'}\ (b, b') x , (c, c') x j a, a' G A, b, b' G <B, c, c' € C}. 

We now proceed with the proof in the following steps: 

Step 1: For i £ I, j G J, t G T and X, fi G A with A ^ //, G!f is the 
0^— submodule of £ M generated by <7 A , Sj is the 5^— submodule of £ M gen- 
erated by <S A and Vf is the g M — submodule of CP 1 generated by V A . In other 
words, 

(1, J, T, {G x }, {#}, {5/}, {Sj 1 }, {H A }, {Vf }, D^) 

is an (R^, R x )— datum for the pair £ A ) : It is immediate using the facts 
that g A is a subalgebra of 

Step 2: For A G A, £ A = J2iei^i © E ie> j^ A © J2^T V t © D : By Step 

1 and Remark EM £ A = (E ie x £ A © EjeJ S j © EieT V t) + V . Suppose 
d G D , x G Ei G x^ A © 52jeJ S j © E ie r vA and 2; + d = 0. Since d € D , 
there are t G N, <2j, G ^4, &j, b^ G B and c,, G C (1 < i < i) such that d = 
E*=i( a M a i)° + (^> 6 i)° + ( c M cj)°. It follows from Step 1 and Lemma that 
there is y G £ ieI £ A ©£ jeJ S A ©£ ieT V t A such that d = y+£* =1 K <) A + 
(h, b'^+ia, c^) A . Now as = x+d = x+y+E* =1 (a i5 ^) A +(&;, &-) A +(q, c^) a , 
we get that x+y = and £- =1 ((a;, a^) A + (^, 6-) A + (cj, c^) A ) = 0. Take /i£A 
to be such that A =3! //, then using Step 1, one gets that the pairs (£ A ,£ M ) 
and (£°,£ A ) play the same role as the pair (£ £ ,£ n ) in Subsection Using 
Remark [339] for the pair (£ A ,£^), one gets that X)i=i(( a »» a i) M + (^ 6 i> M + 
(cj, c^) = and £- =1 ([a;, a^j + [64, i/J-^) = 0. Next using RemarkESS 
for the pair (£°, we get that d = £- =1 ((a i5 a^)° + (6j, 6j)° + (c i) c{)°) = 0. 

Step 3: /Co satisfies the uniform property on b : Suppose that 

t 

5^({ot, a-} £ + 6-} £ + {q, c-} £ ) G /C , 

i=l 
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for 01, a[, . . . , at,a' t G A, &i, 6^, . . . , bt, G B, and ci, c' l5 . . . , c n , € C, so 
Y:7=x((ai,a'i)° + {hAf + (^c'f) = 0. Now take A 6 A \ {0}, then by Step 
1, (C°,C X ) plays the same role as the pair (C e ,C n ) in Subsection 13.21 and 
so an argument analogous to the proof of Step 2 shows that Yll=i([ a i^ a 'i\ + 
[bi, b'j] — CiVc'j) = 0. This completes the proof. 

Step 4: 

xeAiei iei AeA xeAjeJ jej AeA xeAteT teT AeA 

We just prove the first equality; the other ones may be proved using an 
analogous argument. Suppose that x G [^J Q^, then there are ii, . . . ,i n G 

iex AeA 

J, /xi, . . . ,fj, n G A and xi 6 ^ , . . . , x n G £/^ n with i = iH + x n . Take 

/t S A to be such that m ^ /i for all 1 < i < n. Then by Step 1, for 1 < i < n, 
C C gf t . Therefore x = Xl + ■ ■ ■ + x n G E* e / <?f £ UeA E i6 / This 
completes the proof. 

Step 5: We have 

U ^ = U (£ +U(E 5 ") + U E(^ A ) + a> : 

AeA AeA iex AeA jej AeA teT 

Using Step 2, one gets that the left hand side of the above equality is a 
subset of the right hand side. So we need to show the other side inequality. 
Suppose a is an element of the right hand side, then there are ^1,(12,^3, 
x G EiezSf 1 C V*,y G £,e^f C tf« z e E* eT V f C £W an d 
d £ T>q Q C° such that a = x + y + z + d. Fix an upper bound G A for 
{0, /ii, /i2, ^3}, then we have a = i + )/ + z + rfG£' 1 C U^eA-C^ 

Step 6: (E 4eI UeA #) + (E ie j Uaga ^) + (E teT Ua £ a V f A ) + V Q is a di- 
rect sum: Suppose that Ai , . . . , X n , m , . . . , fi m , 771 , . . . , r] p G A and i±, . . . ,i n G 
I, jl,- ■ ■ Jm G i7 and ti,... ,t p G T are distinct. Let G £ Al , . . . , x in G 
a^,!/^ €Sg,...,y jm eS^,z tl eV^,...,^ GVj and d G D be such 
that 

a^ii H 1" x i„ + H H % m + 2*1 H h «t„ + d = 0. 

Now take A G A to be an upper bound for {Ai , . . . , A n , fii , . . . , fi m , 771, ... , t? p } 
with respect to the partial ordering on A, then we get using Steps 1,2 that 
Xi x + ■ ■ ■ + x in + + ■ ■ ■ + yj m + z tl + • • • + z tp + d is a summation in 
(e ie 2^ A ) (B(®jejSj) ©(©terVi A ) X> - Therefore we have 

Xjj = 0, . . . , x in = 0, y h =0,...,y jm =0,z tl =0,..., z tp = 0, d = 0. 
This completes the proof of this step. 

Step 7: The assertion stated in (ii) is true: Take A to be a vector space 
with a basis {ai \ i G I}, B to be a vector space with a basis {bj \ j G 
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and C to be a vector space with a basis {ct \ t £ T}. Using Steps 1-2,4-6, we 
get that 

*=Ua = U(£tf) + U(£^) + U(£^)+ 2 * 

AgA AgA iex aga jej aga *gT 

= (©U#)©(©U 5 /)©(©U v t A )©z>o. 

igx aga jeJXeA teT AgA 

Now consider £ as a 0— module via the adjoint representation and for 
i £ 1, j £ J and i G T, set 

<?« := (J 5« := |J S<\ V<*> := |J V A , 
AgA AgA aga 

then by Propositions 12. 191 and [2T201 £/W is a 0— submodule of £ isomorphic 
to g ~ g, is a 0— submodule isomorphic to S and is a 0— submodule 
isomorphic to V. Therefore as a vector space, we can identify C with 

{Q ® -4) e (5 © B) e (v <8> c) e £> - 

such that for each A G A, £ A is identified with 

(0 A a4) © (S A ©B) © (V A ©C) © P - 

Now for AgA, (£ a , £°) plays the same role as (£ n ,£ e ) in §3.2.11 and so we 
are done using Step 3 together with Proposition 13.401 □ 

Theorem 4.6. Suppose that I is an infinite index set and 1$ is a subset 
of I of cardinality i > 5. Let R be an irreducible locally finite root system 
of type X = Dj or X = Aj. Suppose that V is a vector space with a basis 
{v,i | i € /} and take Q to be the finite dimensional split simple Lie algebra 
of type X as in Lemmas \2.5\ or \2.10\ respectively. Also define 

' ^ Vl ^\ otherwise. 

For x,y G Q, define 

2tr(xy) 

x o y ■= X y + yx ^ J . 

Suppose that (A,id^,{0},0) is a coordinate quadrable of type X and tC is 
a subset of the full skew-dihedral homology group of A satisfying the uniform 
property on A. Set 

£{A,K) ■= {G®A)® (A, A), 
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[x ® a, y ® a'] 



m which (A, A) is the quotient space {A,A}e/K, (see Subsection \3.1\) and 
for a, a' E A, take (a, a') := {a, a'}^ + /C, #ien £(.A, /C) together with 
(4.7) 

[x, i/]0^(ao a') + (x o y) (g) |[a, a'] + tr(xy)(a, a'} X = Aj, 
[x, y] ® aa' + tr{xy){a, a') X = Dj, 

[(ai,a 2 ),x ® a] = ^ +[jc,/d v J ® (ao [oi,o 2 ]) + 2tr(Id v( x){a, [a 1 ,a 2 ])), X = A I} 
X = D U 

Un „v /„, „,vi_J Wa 3 (ai),^> + <ai.^a 3 (4)) ) * = ^Z, 

1^1)02/, V a l> a 2/J — S Q X = Di 

for x,y £ G, a, a' , ai, a,2, a'i, a'2 & A, is a Lie algebra graded by R. Moreover 
any R— graded Lie algebra gives rise in this manner. 

Theorem 4.8. Suppose that I is an infinite index set and 1$ is a subset of 
I of cardinality £ > 4. Take Q to be either Ob(I) or sp(I). Suppose that V is 
a vector space with a basis {vo,Vi,iq \ i £ 1} equipped with a nondegenerate 
symmetric bilinear form (•, •) as in \2. 8\) ifQ = Ob (I) and it is a vector space 
with a basis {vi,^ \ i G 1} equipped with a nondegenerate skew- symmetric 
bilinear form (•, •) as in \2. 13\) ifQ :=sp(L). Set 



J 



/ u/ u{o} ifg = o B (i) 
iou/o ifg = sp{i) 



and define 3q : V — > V to be the linear transformation defined by 



Vi i->- 



Vi if i € J 

ifielL)I\J. 



Next set S := V if Q := o B (I) and take S to be as in fOg)) if Q = sp(I). 
ForeJeQU S, set 

e o / := ef + fe — J . 

Suppose that R is an irreducible locally finite root system of type X = Bj 
or X = Cj and (a, *,C, f) is a coordinate quadrable of type X. Take A and 
B to be the set of *— fixed and *—skew fixed points of a respectively. For a 
subset K, of the full skew-dihedral homology group of a satisfying the uniform 
property on a, set 



£(a, K) := {Q <g> A) («S ® B) (a, a), 
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in which (a, a) is the quotient space {a, a}e/JC (see Subsection \3.1\) . and for 
a, a' E a, take (a, a') := {a, a'} + IC. Then C(a, K,) together with 

[x ® a, y ® a'] = [x,y] aa' + tr(xy) (a, a'), 
[x tg> a, s <S> b] = xs ® aft, 
[ s (g, 6, t ® 6'] = D s t ® /(&, 6') + (a, 6') 
( 4 - 9 ) [(ai,a 2 ),x ® a] = x ® d^*a 2 (a), 

[(ai, a 2 ), s <g> 6] = s <g> c^'" Q2 (6) , 

[(ai,a 2 ), (a'l,^)] = (daf, a 2 ( a 'i)> a 2 ) + ( a i> ^'"a^" 2 ))- 

(see Definition ^. 6}) for x,y € Q, s,t 6 5, a, a' G .4, 6, 6' € 23, a, a', ai, a 2 , c/ 1; a 

a, if G = Ob (I) and 

(4.10) 

[a; <8> a, y <8> a'] = [x, y] ® ^(00 a') + (x o y) ® A [a, a'] + tr(xy)(a, a'), 

[x ® a, s ® 6] = (x o s) (g> i[a, &] + [x, s] ® |(a o &), 

[s®6,t®6'] = [s,i] ® i6o&' + (sot) ® i [b, b'] +tr(st){b,b'), 

[(a, a'), x ® a] = ^-((x o 3„) <8 [a, + [x, 3„] ® (a ° /%,<*<))> 

[(«, a'), s <g> b] = 3oMb ° /3* liC J+(s o J )®[&, /3* lia J+2fr(A)X&, 0*^)), 

[(ai,a 2 ), (a' lf a' 2 )] = (<V>i), ^> + (ai,<% 2 K)). 

(see |g. 7| )j /or x,y £ G, s,t £ S, a, a' € „4, b, b' 6 £>, a, a', ai, a 2 , a^, a' 2 G a, 
if Q = sp(I) is a Xze algebra graded by R. Moreover any R— graded Lie 
algebra gives rise in this manner. 
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